Development of methods for the synthesis of compliant mechanisms by Hermoza Llanos, Estefania Andrea
Pontificia Universidad Católica del Perú 
Escuela de Posgrado 
Maestría en Ingeniería Mecánica 
Development of methods for the synthesis of compliant mechanisms 
Tesis para obtener el grado de: 
Magíster 
en Ingeniería Mecánica 
Presentado por: Estefania Andrea Hermoza Llanos 
Profesor responsable (PUCP): Prof. Dr. Ing. Jorge Antonio 
Rodríguez Hernandez 
Professor responsable (TU Ilmenau): Prof. Dr. -Ing. habil. Lena Zetner 
Tutor responsable (TU Ilmenau): Dr. Sebastian Linß 
Fecha y lugar: 25/03/2019, Ilmenau 
II  
Kurzfassung 
Einer der am häufigsten verwendeten Mechanismen in Geräten und Maschinen ist die Viergelenkkette. 
Dieses Getriebe hat viele Verwendungsmöglichkeiten: Verriegelungszangen, Hebebühnen, Frontlader, 
Aufhängung von Fahrrädern usw. Alle diese Beispiele sind Starrkörpersysteme, jedoch gibt es heutzutage 
auch nachgiebige Mechanismen, die Festkörpergelenke statt der konventionellen Kopplungen (Stifte, 
Gleitgelenke, Schubgelenke usw.) verwenden. Diese nachgiebigen Mechanismen werden aufgrund ihres 
reproduzierbaren Bewegungsverhaltens meistens in der Präzisionstechnik eingesetzt. Sie erlauben nur 
kleine Verschiebungen, sind aber sehr genau. Außerdem bieten nachgiebige Mechanismen viele weitere 
Vorteile. 
Aus diesem Grund wird in dieser Masterarbeit die Entwicklung einer neuen Synthesemethode vorgestellt, 
um ausgehend von einem viergliedrigen Starrkörpermechanismus mit gegebenen Gliedlängen einen 
nachgiebigen Mechanismus mit vier blattfederartigen Festkörpergelenken mit variabler Gelenklänge zu 
erzeugen. Diese Methode basiert auf der linearen Theorie nach Castigliano, wobei auch die 
Maximalspannung berücksichtigt wird. Es wird ein Algorithmus entwickelt und die numerische 
Implementierung erfolgt in MATLAB mit einer grafischen Benutzeroberfläche (GUI). 
Zu Beginn werden grundlegende Definitionen und der Ausgangszustand von Entwicklungen, die für diese 
Arbeit hilfreich sein können, vorgestellt. Daraufhin wird die Entwicklung der theoretischen Grundlage der 
Synthese basierend auf der linearen Theorie erläutert. In diesem Abschnitt werden die verschiedenen 
untersuchten Fälle mit ihren jeweiligen Gleichungen dargestellt. Abschließend wird ein Vergleich zwischen 
der entwickelten Synthesemethode basierend auf der linearen Theorie und einem existierenden nichtlinearen 
Analyseansatz vorgestellt, um eine Verifikation für Beispielvarianten zu erhalten. Der Unterschied 
zwischen diesen beiden Ansätzen beträgt weniger als 0,5 %, wenn sich beide Modelle im Bereich kleiner 
Verformungen befinden. Daher kann das Modell in der Präzisionstechnik verwendet werden. Für zukünftige 
Forschungen kann der Algorithmus verbessert werden, um mehr Mechanismenmodelle zu entwickeln. 
Außerdem kann das Verfahren zum Lösen des Gleichungssystems verbessert werden, da die 
durchschnittliche Berechnungszeit einer Simulation im Bereich mehrerer Minuten liegt und damit 
vergleichsweise lang ist. 
III  
Abstract 
One of the most used mechanism in devices and machines is the four-bar linkage mechanism. This 
mechanism can be presented in different ways and has many uses: locking pliers, pumpjacks, lift platforms, 
front loaders, suspension of bikes, etc. All these examples are rigid-body systems, but nowadays there are 
also compliant mechanisms which use flexure hinges instead of conventional couplings (pins, sliding joints, 
prismatic joints, etc.). These compliant mechanisms are used mostly in precision engineering because of 
their reproducible motion behavior. However, they only allow small displacements, but they are highly 
precise. Also, the compliant mechanisms have many further advantages. 
This is the reason why in this Master thesis the development of a novel synthesis method of a rigid-body 
four-bar linkage with given link lengths into a compliant mechanism with four leaf-type flexure hinges with 
varying hinge lengths is presented. This method is based on the linear theory according to Castigliano's 
Theorem, while the maximum stress is considered, too. An algorithm is developed and numerically 
implemented in MATLAB in combination with a graphical user interface (GUI). 
First basic definitions and the state of developments that may help in this work are presented. Thereon the 
development of the theoretical basis of the synthesis based on the linear theory will be provided, while in 
this section the different considered cases are explained, each with their respective equations. Finally, a 
comparation between the developed synthesis method based on the linear theory and an existing non-linear 
analysis approach is presented in order to get a verification for example designs. The difference between 
these two approaches is less than 0.5 % when both models undergo small deflections. This can approve the 
model to be used in precision engineering. For future research, the algorithm can be improved to investigate 
more models of mechanisms. Also, the method to solve the system of equations could have improvements 
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Symbol Definition Units 
A Cross sectional area mm2 
𝑎 Length of the left side of the rigid-body system mm 
𝑎𝑓 Left bar of the compliant mechanism mm 
𝑏𝑖 The length of the compliant hinge mm 
𝑐 Length of the right side of the rigid-body system mm 
𝑐𝑓 Right bar of the compliant mechanism. mm 
𝑑 Length of the base of the rigid body system mm 
E Young's modulus Mpa 
F Internal shear force at the end of the compliant hinge N 
𝐹𝑏𝑖2 The shear force at the end of the bar N 
𝐹𝑖𝑛 Input force N 
ℎ1 Hinge width mm 
ℎ2 Support width mm 
𝐼𝑍 Area Moment of Inertia related to the z axis mm4 
𝑙 Total length of the flexure hinge mm 
M Internal moment at the end of the compliant hinge N. mm 
𝑀𝑏𝑖2 The moment at the end of the bar N.mm 
𝑆𝐹 Safety factor  
𝑣[ 𝑙 ] Deformation of the flexure hinge mm 
𝑤𝑖 Compliant mechanism width mm 
𝑥𝑖 Coordinate system for each section mm 
YS Yield strength Mpa 
𝜎𝑒𝑞𝑏𝑖 Equivalent tensile stress (Von Mises yield criterion) Mpa 
𝜎𝑏𝑖 Bending stress Mpa 
𝜎𝑦 Yield strength of the material Mpa 
𝜏𝑏𝑖 Torsional stress Mpa 
𝛿𝑖 Portion of the bar where is ubicated the torsion spring equivalent. 







Traditionally the designers of machines need the transformation or transmission of motions or forces from 
one place to another. This task is intended for mechanical systems called mechanisms. There are different 
types of mechanism, for example gears, cams, levers, ratchets, etc. Normally in mechanisms are used very 
stiff or rigid parts connected with hinges or sliding joints. These configurations achieve their purpose but in 
the way of it they lose energy in form of heat because of the friction, they are prone to wear in the time, they 
could have a bad adjustment and it can produce a bad performance of the system. 
But nowadays exists another type of mechanisms that does not imply rigid parts: compliant mechanisms. 
This type of mechanisms also can convert and transmit motions and forces, but the way that they do this is 
through the deflection or elastic deformation of their flexible parts instead of having conventional hinges or 
sliding joints. 
The compliant mechanisms are present even around us, like in the nature there are little compacts machines 
like the opening and closing system of flowers, the wings of a mosquito, elephant trunks, sea weed and eels 
[1]. In the following figure are shown some examples of compliance mechanisms in the nature. 
 
 
Figure 1.1 – A few examples of compliance in nature: a spine, bee wings, elephant trunks, blooming flowers, a mosquito, sea 
weed, and eels [1] 
 
The compliant mechanisms have numerous advantages as follows [2]: 
 
 They can be manufactured/molded as one-piece what means a reduction in the assembly time, 






 Compliant mechanisms usually are relatively lighter as rigid-body mechanisms. 
 Reduced need for lubrication. 
 Noise and vibrations are reduced. 
 Less number of joints helps increase the mechanical precision making them useful in high-precision 
instruments. 
 The stored strain energy obtained from the deflection of their flexible members can be transformed 
or released later. 
 Compliant mechanisms are useful in applications in MEMS devices because they save notably 
space. 
Compliant mechanisms are used continuously in micro-sensors and actuators in micro-electro-mechanical 
devices, crashworthiness applications in automobiles due to the energy storage characteristics, precision 
machines, robotics, biomedical devices and prosthetics, surgical tools, adaptive structures, etc. 
From all existing types of mechanisms, the four-bar link is one of the most important ones. For example, 
this mechanism is present in the suspension of the bicycle, a pumpjack, sewing machines, oscillating fan, 
windshield wiper, etc. 
In the following Figure 1.2 can be seen some examples of four-bar linkages mechanisms. 
 
 
Figure 1.2 – Examples of four-bar linkages mechanisms [3] 
 
As the name describes it, this mechanism has four bars connected in a loop by four joints. The four-bar 
linkage can be represented in four different ways with different movements, depending on the length of the 






 Crank-rocker mechanism: In this version of the mechanism, one of the links can revolute a complete 
turn. The relationship between the lengths of the mechanism bars can be seen in the Figure 1.3. 
 
Figure 1.3 – Crank-rocker mechanism [4] 
 
 Double-crank mechanism: This type of the four-bar linkage happens when both side links can 
revolve. The relationship between the lengths of the mechanism bars can be seen in the Figure 1.4. 
Figure 1.4 – Double crank mechanism [4] 
 
 Double-rocker mechanism: This type of the mechanism happens when both side links rock. The 
relationship between the lengths of the bars of the mechanism can be seen in the Figure 1.5. 
 
 






 Parallel crank mechanism: This last type is an especial one, because it happens when the mechanism 
forms a parallelogram. The relationship between the lengths of the bars of the mechanism can be 
seen in the Figure 1.6. 
 
 
Figure 1.6 – Parallel crank mechanism [4] 
 
All these types of four-bar linkage mechanism are only used when it is a rigid-body mechanism, nowadays 
these types of mechanism can be used in a compliant configuration. 
This configuration only allows small displacements, but it is used in many applications especially in the 
precision engineering. These types of mechanisms are made of one solid piece, that is the reason of their 
restricted displacements: the deformations on the flexure hinges are responsible of their movement. 
There are presentations of these compliant mechanism, in the Figure 1.7 are represented two of them: in the 
left side there is a fully compliant four-bar linkage just with compliant joints and in the right side there is a 
fully compliant four-bar linkage with compliant links. 
 
Figure 1.7 – Fully compliant four-bar linkage [5] 
 
Also, there are some partially compliant models where one part may be compliant, and the rest may have 
connections with joints as is seen in the Figure 1.8. 






1.1. Goals of the thesis 
 
This work has the main objective to develop an algorithm to transform a four-bar mechanism (rigid parts) 
into a compliant mechanism. This algorithm gives all the dimensions of the equivalent compliant 
mechanism. All this process is supported by different theories from the basics equations of elasticity and 
resistance of the materials, to new theories of modelling the compliant mechanisms as a rigid-body system. 
This method considers in the transformation the main function of the rigid-body mechanism: relative angles 
of motion, allowable stresses, etc. 
The tasks developed in this work are the following: 
 
 Literature research on synthesis methods, especially based on rigid-body mechanisms. 
 Development of a theoretical approach for selected mechanisms with selected functions 
(transmission of force and/or motion). 
 Development of general approaches and the methods, definition of the field of application. 
 Implementation of the method using Mathematica or MATLAB. 
 Demonstration of the method using several examples. 
 
1.2. State of art 
 
There are presented in this section some basic knowledges and previous works that were considered in the 
work and development of this thesis, all related with the synthesis of four- bar link mechanism and compliant 
mechanisms in general. 
The replacement of a rigid-body mechanism by a compliant mechanism is the most common type of 
synthesis. In this method are considered the forces in the system to calculate the properly equivalent 
compliant hinge. Also, the rigid-body mechanism has already a structure that determines its kinematic 
behavior, all these properties together are the basis to determining through analytical or numeric methods 
all the dimensions of the compliant system, in the Figure 1.9 there is an example of a compliant mechanism 
that results from the synthesis of a rigid-body mechanism [6]. 
 
 
Figure 1.9 – Example of a compliant mechanism obtained from the synthesis of a rigid-body mechanism by a compliant 
mechanism [6] 
 
In order to get an appropriated result, first the idealized rigid-body models are used for the analysis and 
modeling, in addition the PRB models based on a different discretization of the joint can be used too. An 






Each type of rigid-body mechanism has different characteristics, so these models are not generalizable in 
terms of synthesis. In this work the focus is the synthesis of a four-bar compliant mechanism. 
Below are described some of the previous works focused on the synthesis of a four-bar compliant 
mechanism. 
 Synthesis of Planar, Compliant Four-Bar Mechanisms for Compliant-Segment Motion Generation. 
L. Saggere, S. Kota 
 
In this paper the main goal is to present a technique that does not involve the transformation of the 
compliant mechanism into a rigid-link mechanism equivalent, instead of that, is considered the three 




Figure 1.10 - Complaint four-bar mechanism for 






Figure 1.11 - Illustration of the compliant-segment motion 
generation [7] 
 
The first calculation is made with the known initial and final configurations as is seen in the Figure 
1.10 and Figure 1.11, using the basic slope-deflection equation of the moment distribution method 
in structural analysis, the Figure 1.12 shows the sign convention for slope-deflection equation used. 
 
 
Figure 1.12 – Sign convention for slope – deflection equation [7] 
 
Once the moments, forces and deflections are calculated, the objective is determining the shapes, 
sizes and locations of the other links. The modeling of the beams must be with non-linear 






With the Euler’s equation, geometric relations and considerations as the inextensibility of the beam, 
inertia and constant flexural rigidity; it is obtained a set of equations that looks at the first side like 
it can be resolved, but there is no closed-form solution, that means that exists an infinite number of 
beams configurations that satisfy the load-displacement requirements. 
 
 
Figure 1.13 – Computational scheme of the finite-link model. [7] 
 
Because of this not closed-form solution, it is necessary to use a method of discretization. For this 
method, torsional springs, as is seen in the Figure 1.13, to transform the compliant beam into 
discrete elements for a numerical approach are used. The beam is modeled as a series of small, 
straight, rigid elements connected end to end trough linear torsional springs. For this study can be 
observed that when fewer elements are used, the spring model predicts larger static displacements, 
than that predicted by conventional beam elements. But also, when the number of elements is 
increased, the displacement error decreases. 
 
 Synthesis through Rigid-Body Replacement. L. Howell, S. Magleby, B.Olsen. 
In the book named “Handbook of Compliant Mechanisms” is presented a method to do the 
synthesis, that is called the pseudo-rigid-body model (PRBM). 
The PRBM are a set of equations that can integrate the movement and forces of a compliant 
mechanism but modelling it as a rigid-body mechanism as is seen in the Figure 1.14. 
 
 






Starting with a rigid-body mechanism, the method follows the following steps: 
 
1. Identify the rigid-body model for the rigid-body mechanism under consideration. 
 
This step consists in making a simplify diagram of the rigid-body under consideration. 
 
2. Replace one or more of the rigid links and/or movable joints with equivalent compliant 
members. 
For each mechanism there is a lot of different combinations for the beams, an example of 
this is shown in the Figure 1.15, all the beams could be compliant or just some of them. 
That is why is important to select which one is going to be used. 
 
Figure 1.15 – Different combinations of a four-bar linkage mechanism [1]. 
 
3. Develop the pseudo-rigid-body model for the selected configuration(s). 
 
For this step is needed to return to the rigid-body diagram and add the appropriate strain 
energy elements to the diagram. Then with the set of equations of the deflection and the 
strain, is determined the stiffness coefficients from the geometry of the small – length 
flexural pivots. 
4. Select materials and size the compliant members to have desirable force-deflection relations 
and to withstand the resulting stress. 
 
 Types of compliant mechanisms 
An essential characteristic of a mechanism is the type of coupling that uses, for example, a rigid- 
body mechanism is made up by undeformable bars and between each one of them there is a 
conventional coupling as pins, sliding joints, prismatic joints, etc. 
The rigid-body mechanism gets its kinematic because of the relative change of position between its 
articulated members, these members generally work and move generating friction betweenthem. 
This is one of the main reasons why the compliant mechanisms are a better solution in some cases. 
As was described in the introduction, the compliant mechanisms have many advantages, especially 






There are different types of compliant mechanisms and they can be classified by the coupling 
between their elements and these couplings can also be classified. 
The first group are the mechanism fully compliant; the mobility of these mechanisms is determined 
exclusively by the flexibility and deformations of their structural sections; all their couplings are 
flexure hinges with different distribution of compliance. 
The second group are the partially compliant mechanism; the mobility of these mechanisms is 
determined by the flexibility and deformations of the flexure hinges and by conventional frictional 
couplings as pins, sliding joints, etc. 
The two types of flexure hinges (concentrated and distributed) give the mechanism different 
characteristics. For example, one entirely compliant mechanism with concentrated compliance is 
used in the precision engineering, such as the Zubir micro-gripper. 
Further, for specific requirements, complete compliant mechanisms with a combination of 
concentrated and distributed compliance may be advantageous [6]. 
These two types of flexure hinges have different methods of analysis, when they are modelled 
according to the method that is called Pseudo-rigid-body model (can be seen in the Appendix A - 
Model of a compliant system as a rigid-body system). The distributed flexure hinges may have 
different equivalences depending on the length and the forces which they are subjected, instead the 
concentrated flexure hinges have only one equivalence, that means just one equation that only 
depends on the material and the cross-sectional area. 
Below in the Chart 1-1 examples of this classification and their different combinations between the 






Chart 1-1 – Classification of compliant mechanisms based on the structural design [6] 
 






















2. Development of the synthesis method 
 
In this chapter the steps that were taken as the configurations assumed and the theories applied to obtain the 
final algorithm are shown. 
 
2.1. Configuration of the mechanism 
 
The first step was to define the main configuration of the rigid-body mechanism and the configuration of 
the transformation into a compliant mechanism. 













Figure 2.2 – Configuration of the compliant mechanism. 
 
The configuration of the compliant mechanism is shown in the Figure 2.2, which defines all the 
measurements and the common points between the rigid-body mechanism (lines in blue) and the points of 
deflection in the compliant mechanism. 
The configuration of the compliant mechanism is in a deflected position because of a force that can be at 
the top or at one side, both configurations have the same angle phi (ϕ) that relates them and the dimension 
d is a constant dimension that stays in the base of the compliant mechanism, all these properties can be seen 
more clearly in the figure below. 
12 







Figure 2.3 – Comparation between the compliant and the rigid-body mechanism in the deflected position. 
 
From the configuration shown before a geometric relationship can be established, this relationship is 
explained in the next section ( Deflection of the compliant hinges). 














Figure 2.5 – Case 2 Force at the top. 
 
The first case is shown in the Figure 2.4, where the input force is located on the left side of the mechanism. 
This force is applied to “L” mm from the base of the left side of the compliant mechanism. 
In the Figure 2.5 there is the second case, where the force is applied on top of the mechanism, this force 
may not be applied necessarily in the middle, it is situated to “L” mm from the left side and “h” mm 
downwards. 
13 




In both cases the bases of both sides are not necessarily in the same level. The reference line is the base d 
of the rigid-body system as is seen in the figure. 
 
Also is important to mention that is considered two different cases because the analysis is different for each 
one; as the figures shows, the sections (x1, x2, x3 and x4) that are used to the subsequent analysis 
(Castigliano’s Theorem) are different for each case depending on the force. 
 
2.2. Deflection of the compliant hinges 
 
The deflection of the compliant hinges is the result of the internal forces or internal moments that appear 
due to the applied external force. 
 
 
Figure 2.6 – Deflection of the compliant hinges 
 
The previous figure shows the deflection of the compliant hinge, to understand this behavior the theory of 
modelling a compliant mechanism as a rigid-body system is used, as is shown in the next figure: 
 
 
Figure 2.7 – Modeling of a compliant system as a rigid-body system [8] 
 
This method is called Pseudo-rigid-body model, which are a set of diagrams and equations that describe a 
correspondence between the motion and force of an elastic member and a rigid-body mechanism [1]. 
To use this method the following assumptions were considered [8]: 
 
 It follows the linear theory. 
 Linear properties of the material (stresses and deformations are linearly related). 
 Small deformations where the deformations and displacements are linearly related (geometric 
linearity). 
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 The compliant system is a bar with constant cross section. 
Regarding the range of action of the linear-theory, the displacement or deformation of the flexure hinge 
(𝑣[ 𝑙 ]) must be less than the 10% of the total length of it ( 𝑙 ), as is seen in the figure below: 
 
 
Figure 2.8 – Deformation of the flexure hinge [8] 
 
As is shown in the Figure 2.7, this method replaces the compliant bar into a rigid-body system, where the 
flexibility is simulated by a torsion spring. This model gives the torsional stiffness and the position where 
is the torsional spring. 
The symbology showed in the Figure 2.9 was used to find all the equations that represent the model of a 
compliant system as a rigid-body system: 
 
 
Figure 2.9 – Forces in the compliant system [8] 
 
Following the linear theory and the comparison between the compliant and the rigid-body system (see 
chapterAppendix A -Model of a compliant system as a rigid-body system), the position of the torsional 
















For the model of each compliant hinge are considered the internal forces, each one was modelled as the 
Figure 2.9. In the model only exists one force and a moment at the end of the bar, so the equation (1) can be 
written as the following one: 
 
3𝑀 + 2𝐹𝐿 
𝛿 =     










 M: Internal moment at the end of the compliant hinge. 
 F: Internal shear force at the end of the compliant hinge. 
 L: Length of the compliant hinge. 
 
 
2.3. Load case with the force at the top 
 
In this case also was used the Castigliano’s Theorem, to know the relationship between the internal forces 
and an input force (𝐹𝑖𝑛). 
Below are shown the diagrams of the external loads, sum of forces for each and sections used in this analysis. 
 
In this case were considered four sections also, one on the right side, one on the left side and two more on 
the top because of the input force. Also, the system has the same angle on each side. 
To keep the symmetry and the top side of the compliant mechanism parallel to the base d of the rigid-body 
system, they are considered two more cases: the first one, when the left side is longer (a longer than c) and 
the second one, when the right side is longer (c longer than a). 
The total length of each joint for each case was calculated with the 
purpose of being able to model the compliant hinge as a rigid solid 
body; therefore, for being considered a built-in beam, the built-in 
support must be at least the half of the length of the flexible bar, as 
it is shown on the Figure 2.10. 
Following the scheme, the length will be 𝑎 + 𝑏 + (3) 𝑐. 
2 
 
Where 𝑎 is the compliant hinge that already has a built-in support, 
𝑏 is a rigid bar and 𝑐 is the compliant hinge that needs the built-in 
support (half of the length additional). 
Figure 2.10 – Total length of a side of 
the system. 
 
Below is the sum of forces for each case, depending on which side 
is longer: 
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Sum of forces: 
 
∑ 𝐹𝑥 : 𝐹𝑎𝑥 + 𝐹𝑑𝑥 + 𝐹𝑖𝑛 = 0 
 
∑ 𝐹𝑦 : 𝐹𝑎𝑦 + 𝐹𝑑𝑦 = 0 
 
∑ 𝑀𝑑 : 𝑀𝑎 + 𝑀𝑑 + 𝐹𝑎𝑥𝐿1 − 𝐹𝑎𝑦 𝐿2 
 
− 𝐹𝑖𝑛 𝐿3 = 0 
 
Where: 
𝐿1 = 𝑠𝑖𝑛𝜙(𝛿1𝑏1 − 𝑏4 + 𝛿4𝑏4) 
 
𝐿2 = 𝑑 + 𝑐𝑜𝑠𝜙(𝛿1𝑏1 − 𝑏4 + 𝛿4𝑏4) 
3 
𝐿3 = 𝑠𝑖𝑛𝜙 (𝑏4 + 𝑐𝑓 + 2 
𝑏3) − ℎ 
 
Clearing the equations: 
 
Sum of forces: 
 
∑ 𝐹𝑥 : 𝐹𝑎𝑥 + 𝐹𝑑𝑥 + 𝐹𝑖𝑛 = 0 
 
∑ 𝐹𝑦 : 𝐹𝑎𝑦 + 𝐹𝑑𝑦 = 0 
 
∑ 𝑀𝑑 : 𝑀𝑎 + 𝑀𝑑 + 𝐹𝑎𝑥𝐿1 − 𝐹𝑎𝑦 𝐿2 
− 𝐹𝑖𝑛 𝐿4 = 0 
 
Where: 
𝐿1 = 𝑠𝑖𝑛𝜙(𝛿1𝑏1 − 𝑏4 + 𝛿4𝑏4) 
 
𝐿2  = 𝑑 + 𝑐𝑜𝑠𝜙(𝛿1𝑏1  − 𝑏4 + 𝛿4𝑏4) 
3 
𝐿4   = 𝑠𝑖𝑛𝜙 (𝑏1  + 𝑎𝑓 + 2 
𝑏2 − 𝛿1𝑏1 
+ 𝑏4 − 𝛿4𝑏4) − ℎ 
 
Clearing the equations: 
 
  
𝐹𝑑𝑥 = −𝐹𝑎𝑦 (6) 
𝐹𝑑𝑥 = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (7) 
𝑀𝑑 = −𝑀𝑎 − 𝐹𝑎𝑥𝐿1 
 
+𝐹𝑎𝑦 𝐿2 + 𝐹𝑖𝑛 𝐿4 
(8) 
 
𝐹𝑑𝑥 = −𝐹𝑎𝑦 (3) 
𝐹𝑑𝑥 = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (4) 
𝑀𝑑 = −𝑀𝑎 − 𝐹𝑎𝑥𝐿1 
 








2.3.1. Internal forces for right side longer 
 
The system was divided into four sections to apply the Castigliano’s Theorem (as is seen in the Figure 2.11). 






Figure 2.11 – Representation of the elastic system with force at the top 
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𝑄𝑦(𝑥1) = −𝐹𝑖𝑛 𝑠𝑖𝑛 ϕ − 𝐹𝑎𝑥 𝑠𝑖𝑛 ϕ + 𝐹𝑎𝑦 𝑐𝑜𝑠ϕ (10) 
3 
𝑀(𝑥1) = −𝐹𝑖𝑛 [(𝑏4 + 𝑐𝑓 + 2 
𝑏3 − 𝑥1) 𝑠𝑖𝑛 ϕ] 
+𝐹𝑎𝑥 [(𝑥1 − 𝑏4 + 𝑏4𝛿4 + 𝑏1𝛿1)𝑠𝑖𝑛 ϕ] 
 
−𝐹𝑎𝑦 [(𝑥1 − 𝑏4 + 𝑏4𝛿4 + 𝑏1𝛿1)𝑐𝑜𝑠 ϕ + 𝑑] 
 











0 < 𝑥2 < 𝑑 − 𝐿 
 
 
𝑁(𝑥2) = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (12) 
𝑄𝑦(𝑥2) = −𝐹𝑎𝑦 (13) 
 
1 
𝑀(𝑥2) = 𝐹𝑎𝑥 (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 
2 
𝑏3) sin ϕ 
 
 1 
−𝐹𝑎𝑦 [(𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2
 𝑏3) 𝑐𝑜𝑠 ϕ + 𝑑 − 𝑥2] 






𝑑 − 𝐿 < 𝑥3 < 𝑑 
 
 
𝑁(𝑥3) = −𝐹𝑎𝑥 (15) 
𝑄𝑦(𝑥3) = −𝐹𝑎𝑦 (16) 
1 
𝑀(𝑥3) = 𝐹𝑎𝑥 (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2 
𝑏3) sin ϕ 
1 
−𝐹𝑎𝑦 [(𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2












𝑁(𝑥4) = −𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (18) 
𝑄𝑦(𝑥4) = 𝐹𝑎𝑥 𝑠𝑖𝑛 ϕ − 𝐹𝑎𝑦 𝑐𝑜𝑠 ϕ (19) 
1 
𝑀(𝑥4) = 𝐹𝑎𝑥 sin ϕ (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2 
𝑏3 −  𝑥4 ) 
1 
−𝐹𝑎𝑦 cos ϕ (𝑐 + 𝛿1𝑏1  + 𝛿3𝑏3  + 2 















2.3.2. Internal forces for left side longer 
 
The system was divided into four sections to apply the Castigliano’s Theorem (as is seen in the Figure 2.11). 











𝑁(𝑥1) = 𝐹𝑖𝑛 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (21) 




𝑀(𝑥1) = −𝐹𝑖𝑛 [(
𝑏1 + 𝑎𝑓 + 2
 𝑏2 − 𝑏1𝛿1) 𝑠𝑖𝑛 ϕ] 
+𝑏4 − 𝑏4𝛿4 − 𝑥1 
 
+𝐹𝑎𝑥 [(𝑥1 − ( 𝑏4 − 𝑏4𝛿4) + 𝑏1𝛿1)𝑠𝑖𝑛 ϕ] 
 
−𝐹𝑎𝑦 [(𝑥1 − ( 𝑏4 − 𝑏4𝛿4) + 𝑏1𝛿1)𝑐𝑜𝑠 ϕ + 𝑑] 
 







0 < 𝑥2 < 𝑑 − 𝐿 
 
 








𝑀(𝑥2) = 𝐹𝑎𝑥 (𝑏1 + 𝑎𝑓 + 2
 𝑏2) sin ϕ 
−𝐹 [(𝑏 + 𝑎𝑓 + 
3 
) 𝑐𝑜𝑠 ϕ + 𝑑 − 𝑥 ] 
𝑏 
𝑎𝑦 1 2   2 2 















𝑁(𝑥3) = −𝐹𝑎𝑥 (27) 




𝑀(𝑥3) = 𝐹𝑎𝑥 (𝑏1 + 𝑎𝑓 + 2
 𝑏2) sin ϕ 
3 
−𝐹𝑎𝑦 [(𝑏1 + 𝑎𝑓 + 2 













𝑁(𝑥4) = −𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (30) 




𝑀(𝑥4) =  𝐹𝑎𝑥   sin ϕ (𝑏1  + 𝑎𝑓 + 
2 
𝑏2 −  𝑥4 ) 
3 











2.4. Load case with the force at one side 
 
To know the relationship between the internal forces and an input force (𝐹𝑖𝑛) it has been used the 
Castigliano’s Theorem. This theorem is used in the analysis of elastic systems, in this case: beams, and it 
use the potential elastic energy. 
Below are shown the diagrams of the external loads, sum of forces for each and sections used in this analysis. 
 
In this case were considered four sections, one on the right side, one on the top and two more in the left side 
because of the input force. Also, the system has the same angle on each side. 
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Figure 2.12 – Representation of the elastic system with force on the side 
 
 
Sum of forces: 
 
∑ 𝐹𝑥: 𝐹𝑎𝑥 + 𝐹𝑑𝑥 + 𝐹𝑖𝑛 = 0 
 
∑ 𝐹𝑦 : 𝐹𝑎𝑦 + 𝐹𝑑𝑦 = 0 
 
∑𝑀𝑑 : 𝑀𝑎 + 𝑀𝑑 + 𝐹𝑎𝑥𝐿1 
 
−𝐹𝑎𝑦 𝐿2 − 𝐹𝑖𝑛 𝐿5 = 0 
 
Where: 
𝐿1 = 𝑠𝑖𝑛𝜙(𝛿1𝑏1 − 𝑏4 + 𝛿4𝑏4) 
 
𝐿2  = 𝑑 + 𝑐𝑜𝑠𝜙(𝛿1𝑏1  − 𝑏4 + 𝛿4𝑏4) 
 
𝐿5 = 𝐿 − 𝑠𝑖𝑛𝜙(𝑏4 − 𝛿4𝑏4 − 𝛿1𝑏1) 
Clearing the equations: 
 
 
𝐹𝑑𝑥 = −𝐹𝑎𝑦 (33) 
𝐹𝑑𝑥 = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (34) 
𝑀𝑑 = −𝑀𝑎 − 𝐹𝑎𝑥𝐿1 
 





2.4.1. Internal forces for right side longer 
 
The system was divided into four sections to apply the Castigliano’s Theorem (as is seen in the Figure 2.12), 
but it was divided into two cases as the previous case where the input force was on top of the system. The 
equations are shown below for the case where the right side is longer: 
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𝑁(𝑥1) = 𝐹𝑖𝑛 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (36) 
𝑄𝑦(𝑥1) = −𝐹𝑖𝑛 𝑠𝑖𝑛 ϕ − 𝐹𝑎𝑥 𝑠𝑖𝑛 ϕ + 𝐹𝑎𝑦 𝑐𝑜𝑠ϕ 
 
(37) 
𝑀(𝑥1) = −𝐹𝑖𝑛[𝐿 + (𝑏4 − 𝑏4𝛿4−𝑏1𝛿1 − 𝑥1) sin ϕ] 
 
+𝐹𝑎𝑥 [(𝑥1 − ( 𝑏4 − 𝑏4𝛿4) + 𝑏1𝛿1)𝑠𝑖𝑛 ϕ] 
 












𝑁(𝑥2) = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (39) 





𝑀(𝑥2) = 𝐹𝑖𝑛 [(𝑐 + 𝑏3𝛿3 + 2 
𝑏3 + 𝑏1𝛿1) 𝑠𝑖𝑛 ϕ − 𝐿] 
1 
+𝐹𝑎𝑥 (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 
2 
𝑏3) sin ϕ   
1  
−𝐹𝑎𝑦 [(𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2
 𝑏3) 𝑐𝑜𝑠 ϕ + 𝑑 − 𝑥2]  
+𝑀𝑎 (41) 
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0 < 𝑥3 < 𝑏4 + 𝑐𝑓 + 2 





𝑁(𝑥3) = −𝐹𝑖𝑛 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (42) 








+𝐹𝑎𝑥 sin ϕ (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 
2 
𝑏3 − 𝑥3 ) 
1 
−𝐹𝑎𝑦 cos ϕ (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2 





𝑏4 + 𝑐𝑓 + 2 






𝑁(𝑥4) = −𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (45) 





𝑀(𝑥4) = 𝐹𝑎𝑥 sin ϕ (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2 
𝑏3 − 𝑥4 ) 
1 
−𝐹𝑎𝑦 cos ϕ (𝑐 + 𝛿1𝑏1 + 𝛿3𝑏3 + 2 





2.4.2. Internal forces for left side longer 
 
The equations are shown below for the case where the left side is longer: 
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𝑁(𝑥1) = 𝐹𝑖𝑛 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ + 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (48) 
𝑄𝑦(𝑥1) = −𝐹𝑖𝑛 𝑠𝑖𝑛 ϕ − 𝐹𝑎𝑥 𝑠𝑖𝑛 ϕ + 𝐹𝑎𝑦 𝑐𝑜𝑠ϕ 
 
(49) 
𝑀(𝑥1) = −𝐹𝑖𝑛[𝐿 + (𝑏4 − 𝑏4𝛿4−𝑏1𝛿1 − 𝑥1) sin ϕ] 
 
+𝐹𝑎𝑥 [(𝑥1 − ( 𝑏4 − 𝑏4𝛿4) + 𝑏1𝛿1)𝑠𝑖𝑛 ϕ] 
 












𝑁(𝑥2) = −𝐹𝑖𝑛 − 𝐹𝑎𝑥 (51) 





𝑀(𝑥2) = 𝐹𝑖𝑛 [(𝑏1 + 𝑎𝑓 + 
2
 𝑏2) 𝑠𝑖𝑛 ϕ − 𝐿] 
3 
+𝐹𝑎𝑥 (𝑏1 + 𝑎𝑓 + 
2 
𝑏2) sin ϕ  
3 
−𝐹𝑎𝑦 [(𝑏1 + 𝑎𝑓 + 2 
𝑏2) 𝑐𝑜𝑠 ϕ + 𝑑 − 𝑥2]   
+𝑀𝑎 (53) 
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0 < 𝑥3 < 𝑏1 + 𝑎𝑓 + 2 
𝑏2 − 𝐿/𝑠𝑖𝑛 ϕ 
 
 
 𝑁(𝑥3) = −𝐹𝑖𝑛 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (54) 
  








+𝐹𝑎𝑥 sin ϕ (𝑏1 + 𝑎𝑓 + 
2 
𝑏2 − 𝑥3 ) 
3 
−𝐹𝑎𝑦 cos ϕ (𝑏1 + 𝑎𝑓 + 2 







𝑏1 + 𝑎𝑓 + 
2 







𝑁(𝑥4) = −𝐹𝑎𝑥 𝑐𝑜𝑠 ϕ − 𝐹𝑎𝑦 𝑠𝑖𝑛 ϕ (57) 




𝑀(𝑥4) = 𝐹𝑎𝑥 sin ϕ (𝑏1 + 𝑎𝑓 + 2 
𝑏2 − 𝑥4 ) 
3 
−𝐹𝑎𝑦 𝑐𝑜𝑠 ϕ (𝑏1 + 𝑎𝑓 + 2 





2.5. Castigliano's Theorem appliance 
 
The theorem of Castigliano says “The first partial derivative of the total internal energy in a structure with 
respect to the force applied at any point is equal to the deflection at the point of application of that force in 
the direction of its line of action.” [9] So, in that scenario, this theorem can be used to know all the 
equilibrium forces in an hyperstatic structure. 
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For both systems represented on the Figure 2.11 and Figure 2.12 there are three equations to know six 
external forces, this is the reason therefore is used the Castigliano’s theorem, to have six equations for six 
variables. 
Because is needed three more equations, the forces to be considered in the Castigliano’s Theorem are 𝐹𝑎𝑦, 
𝐹𝑎𝑥 and 𝑀𝑎. The forces cause no deflection and the moment causes no rotation, below are presented the 
equations for each one: 
 𝐹𝑎𝑦 → No deflection 








𝑑𝑥 + ∫   
𝑀𝑧(𝑥) . 
𝜕𝑀𝑧(𝑥) 𝑑𝑥 (60) 
𝑆 𝐸.𝐴 𝜕𝐹𝑎𝑦 𝑆   𝑄.𝜅.𝐴 𝜕𝐹𝑎𝑦 𝑆 𝐸.𝐼𝑧 𝜕𝐹𝑎𝑦 
 
 𝐹𝑎𝑥 → No deflection 








𝑑𝑥 + ∫   
𝑀𝑧(𝑥) . 
𝜕𝑀𝑧(𝑥) 𝑑𝑥 (61) 
𝑆 𝐸.𝐴 𝜕𝐹𝑎𝑥 𝑆   𝑄.𝜅.𝐴 𝜕𝐹𝑎𝑥 𝑆 𝐸.𝐼𝑧 𝜕𝐹𝑎𝑥 
 𝑀𝑎 → No rotation 








𝑑𝑥 + ∫   
𝑀𝑧(𝑥) . 
𝜕𝑀𝑧(𝑥) 𝑑𝑥 (62) 
𝑆 𝐸.𝐴 𝜕𝑀𝑎 𝑆    𝑄.𝜅.𝐴 𝜕𝑀𝑎 𝑆 𝐸.𝐼𝑧 𝜕𝑀𝑎 
 
For each system the equations (60), (61) and (62) must be used, the integrations limits depends on the studied 
section and also each section can have different areas and inertias, so is important to divide the integral 
depending on the case. The following chart shows an outline of this differences according to the case that 
corresponds: 
Case with the force at one side and right side longer than the left side 
 
 
Figure 2.13 – Representation of the elastic system with force on the side – right side longer 
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𝟎 < 𝒙 < 𝒃 + 𝒄𝒇 + 
𝟑 
𝒃     
𝟏 𝟒 𝟐 𝟑  
0 < 𝑥1 < 𝑏4 I1 , A1 
𝑏4 < 𝑥1 < 𝑏4 + 𝑐𝑓 I2 , A2 
𝑏4 + 𝑐𝑓 < 𝑥1 < 𝑏4 + 𝑐𝑓 + 𝑏3 I1 , A1 
𝑏 + 𝑐𝑓 + 𝑏 < 𝑥 < 𝑏 + 𝑐𝑓 + 𝑏 I2 , A2 
4 3 1 4 2 3 
Section 2 𝟎 < 𝒙𝟐   < 𝒅 I2 , A2 
 𝟎 < 𝒙 < 𝒄 + 𝜹 𝒃 + 
𝟏 
𝒃 + 𝜹 𝒃 − 
𝑳
  
 𝟑 𝟑    𝟑 𝟐    𝟑 𝟏 𝟏 𝒔𝒊𝒏𝛟   
 1 
0 < 𝑥3 < 𝑐 + 𝛿3𝑏3 + 2 
𝑏3 + 𝛿1𝑏1 − (𝑏2 + 𝑎𝑓 + 𝑏1) 




𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − (𝑏2 + 𝑎𝑓 + 𝑏1) < 𝑥3 
1 
I1 , A1 
 < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − (𝑎𝑓 + 𝑏1)  
 1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − (𝑎𝑓 + 𝑏1) < 𝑥3 
I2 , A2 
 1 𝐿   
< 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 
𝑠𝑖𝑛ϕ
 
 𝒄 + 𝜹  𝒃   + 
𝟏 
𝒃   + 𝜹  𝒃   −   
𝑳 
< 𝒙 < 𝒄 + 𝜹 𝒃 + 
𝟏 
𝒃 + 𝜹 𝒃  
 𝟑    𝟑 𝟐    𝟑 𝟏    𝟏 𝒔𝒊𝒏𝛟 𝟒 𝟑 𝟑 𝟐 𝟑 𝟏 𝟏 
Section 4 
1 𝐿 1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 
𝑠𝑖𝑛ϕ 
< 𝑥4 < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑏1 
I2 , A2 
 1 1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑏1 < 𝑥4 < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 
I1 , A1 
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Case with the force at one side and left side longer than the right side 
 
 
Figure 2.14 – Representation of the elastic system with force on the side –left side longer 
 






𝟎 < 𝒙 < 𝒃 − 𝜹 𝒃 + 𝒃 − 𝜹 𝒃 + 𝒂𝒇 + 
𝟑 
𝒃     
𝟏 𝟏 𝟏    𝟏 𝟒 𝟒    𝟒 𝟐 𝟐  
0 < 𝑥1 < 𝑏4 I1 , A1 
𝑏4 < 𝑥1 < 𝑏4 + 𝑐𝑓 I2 , A2 
𝑏4 + 𝑐𝑓 < 𝑥1 < 𝑏4 + 𝑐𝑓 + 𝑏3 I1 , A1 
𝑏 + 𝑐𝑓 + 𝑏 < 𝑥 < 𝑏 − 𝛿 𝑏 + 𝑏 − 𝛿 𝑏 + 𝑎𝑓 + 𝑏 I2 , A2 
4 3 1 1 1   1 4 4   4 2 2 
Section 2 𝟎 < 𝒙𝟐   < 𝒅 I2 , A2 









0 < 𝑥3 < 
2 
𝑏2 
I2 , A2 
1 3 
2 
𝑏2 < 𝑥3 < 
2 
𝑏2 
I1 , A1 
 3 3 𝐿  
2 





I2 , A2 
 𝒃   + 𝒂𝒇 + 
𝟑 
𝒃   −   
𝑳 
< 𝒙 < 𝒃 + 𝒂𝒇 + 
𝟑 
𝒃  
 𝟏 𝟐    𝟐 𝒔𝒊𝒏𝝓 𝟒 𝟏 𝟐 𝟐  
Section 4 
3 𝐿 3 




< 𝑥4 < 
2 
𝑏2 + 𝑎𝑓 
I2 , A2 
 3 3 
2 
𝑏2 + 𝑎𝑓 < 𝑥4 < 
2 
𝑏2 + 𝑎𝑓 + 𝑏1 
I1 , A1 
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Figure 2.15 – Representation of the elastic system with force at the top – right side longer 
 






   𝟎 < 𝒙 < 𝒃 + 𝒄𝒇 + 
𝟑 
𝒃     
    𝟏 𝟒 𝟐 𝟑  
0 < 𝑥1 < 𝑏4 I1 , A1 
𝑏4 < 𝑥1 < 𝑏4 + 𝑐𝑓 I2 , A2 
𝑏4 + 𝑐𝑓 < 𝑥1 < 𝑏4 + 𝑐𝑓 + 𝑏3 I1 , A1 
𝑏 + 𝑐𝑓 + 𝑏 < 𝑥 < 𝑏 + 𝑐𝑓 + 𝑏  I2 , A2 
4 3 1 4 2 3 
Section 2 𝟎 < 𝒙𝟐   < 𝒅 − 𝑳 I2 , A2 








   𝟎 < 𝒙 < 𝒄 + 𝜹 𝒃 + 
𝟏 
𝒃 + 𝜹 𝒃  
   𝟒 𝟑    𝟑 𝟐    𝟑 𝟏 𝟏  
1 
0 < 𝑥4 < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − (𝑏2 + 𝑎𝑓 + 𝑏1) 
I2 , A2 
1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − (𝑏2 + 𝑎𝑓 + 𝑏1) < 𝑥4 
1 
< 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑎𝑓 − 𝑏1 
I1 , A1 
1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑎𝑓 − 𝑏1 < 𝑥4 
I2 , A2 
    1 
  < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑏1 
1 1 
𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 − 𝑏1 < 𝑥4 < 𝑐 + 𝛿3𝑏3 + 
2 
𝑏3 + 𝛿1𝑏1 
I1 , A1 
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Figure 2.16 – Representation of the elastic system with force at the top – left side longer 
 






  𝟎 < 𝒙 < 𝒃 − 𝜹 𝒃 + 𝒃 − 𝜹 𝒃 + 𝒂𝒇 + 
𝟑 
𝒃     
  𝟏  𝟏 𝟏 𝟏 𝟒 𝟒 𝟒 𝟐 𝟐  
0 < 𝑥1 < 𝑏4 I1 , A1 
𝑏4 < 𝑥1 < 𝑏4 + 𝑐𝑓 I2 , A2 
𝑏4 + 𝑐𝑓 < 𝑥1 < 𝑏4 + 𝑐𝑓 + 𝑏3 I1 , A1 
𝑏 + 𝑐𝑓 + 𝑏 < 𝑥 < 𝑏 − 𝛿 𝑏 + 𝑏 − 𝛿 𝑏 + 𝑎𝑓 + 𝑏    I2 , A2 
4 3 1 1 1 1  4 4  2 2  
Section 2 𝟎 < 𝒙𝟐   < 𝒅 − 𝑳 I2 , A2 






         𝟑   
    𝟎 < 𝒙𝟒 < 𝒃𝟏 + 𝒂𝒇 + 𝟐 𝒃𝟐 
  
1 
0 < 𝑥4 < 
2 
𝑏2 
I2 , A2 
1 3 
2 
𝑏2 < 𝑥3 < 
2 
𝑏2 
I1 , A1 
3 3 
2 
𝑏2 < 𝑥3 < 
2 
𝑏2 + 𝑎𝑓 
I2 , A2 
3 3 
2 
𝑏2 + 𝑎𝑓 < 𝑥4 < 
2 
𝑏2 + 𝑎𝑓 + 𝑏1 
I1 , A1 
 
The three equations (60), (61) and (62) were used in the four cases, altogether with the partitions of each 
section depending on the different area. The developed equations can be seen in the section A.2 Appendix B 
- Castigliano’s Equations. 
 
Once the Castigliano’s Theorem was applied the reactions forces 𝐹𝑎𝑦, 𝐹𝑎𝑥 and 𝑀𝑎 will be in terms of 𝑏1, 𝑏2, 
𝑏3, 𝑏4, 𝑎𝑓 and 𝑐𝑓. 
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2.6. Equations to find the final configuration 
 
Once the external forces are determined with the Castigliano’s Theorem, the variables 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝛿1, 𝛿2, 
𝛿3, 𝛿4, 𝑎𝑓 and 𝑐𝑓 can be calculated with a system of equations, following the model present in the figure 
below: 
 
Figure 2.17 – Simple configuration of the system 
 
 
2.6.1. Equations of the compliant mechanism 
 
From the model to transform a rigid-body system into a compliant one (2.2 Deflection of the 
compliant hinges), the equation (2) is used to find the position of the torsional spring, which is the 
equivalent of the joint in the rigid-body in the deflected position, this is important because the only way 
to make the compliant mechanism behave as the rigid-body is when the position of the torsional spring 
coincide with this joint, as is seen in the Figure 2.18. 
 
Figure 2.18 – Configuration of the compliant hinges 
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As is seen in the previous figure, the symbol 𝛿 represents the portion of the bar where is ubicated 









 1 3𝑀𝑏12+2𝐹𝑏12𝑏1 
3  2𝑀𝑏12+𝐹𝑏12𝑏1 
 
=
 1 3𝑀𝑏22+2𝐹𝑏22𝑏2 
3 2𝑀𝑏22+𝐹𝑏22𝑏2 
 
















 𝛿𝑖  : Portion of the bar where is ubicated the torsion spring equivalent. 
 𝑀𝑏𝑖2 : The moment at the end of the bar (the model for each compliant hinge is represented in the 
Figure 2.18). 
 𝐹𝑏𝑖2 : The shear force at the end of the bar. 
 𝑏𝑖  : The length of the compliant hinge. 
 
 
2.6.2. Equations of the required maximum stress 
 
The properties of the material were also considered, and it was assumed that each joint works at a 
maximum specified stress with a safety factor. 
 𝜎𝑦 = 𝜎 = √𝜎 
2 + 3𝜏 2 (67) 
𝑆𝐹 𝑒𝑞𝑏1 𝑏1 𝑏1 
 𝜎𝑦 = 𝜎 = √𝜎 
2 + 3𝜏 2 (68) 
𝑆𝐹 𝑒𝑞𝑏2 𝑏2 𝑏2 
 𝜎𝑦 = 𝜎 = √𝜎 
2 + 3𝜏 2 (69) 
𝑆𝐹 𝑒𝑞𝑏3 𝑏3 𝑏3 
 𝜎𝑦 = 𝜎 = √𝜎 
2 + 3𝜏 2 (70) 




 𝜎𝑦  : Yield strength of the material. 
 𝑆𝐹 : Safety factor. 
 𝜎𝑒𝑞𝑏𝑖 : Equivalent tensile stress (Von Mises yieldcriterion). 
 𝜎𝑏𝑖 : Bending stress. 
 𝜏𝑏𝑖  : Torsional stress. 
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2.6.3. Equations of the geometry 
 
The last equations are the ones related between the geometry of the compliant system and the rigid- 
body system. In the next figure is represented these relationships. 
 
 
Figure 2.19 – Geometry of the system 
 
𝑏1 − 𝛿1𝑏1  + 𝑎𝑓 + 𝛿2𝑏2  = 𝑎 (71) 
 




 𝑏𝑖  : The length of the compliant hinge. 
 𝛿𝑖  : Portion of the bar where is ubicated the torsion spring equivalent. 
 𝑐𝑓 : Right bar of the compliant mechanism. 
 𝑎𝑓 : Left bar of the compliant mechanism. 
 𝑎 : Right bar of the rigid-body system. 
 𝑏 : Left bar of the rigid-body system. 
 
All the previous equations (63), (64), (65), (66), (67), (68), (69), (70), (71) and (72) are the set equations 
that are used to find the variables 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝛿1, 𝛿2, 𝛿3, 𝛿4, 𝑎𝑓 and 𝑐𝑓. 
To find the solution of these system of equations and algorithm was created depending on the case of 
analysis, the logical and the programming was done in MATLAB program. 
Once the variables are calculated, all the system can be determined with the equations (3), (4), (5), (6), (7), 
(8), (33), (34) and (35), because if all the variables mentioned before are found, the forces 𝐹𝑎𝑥, 𝐹𝑎𝑦 and the 
moment 𝑀𝑎 are known because of the equations coming from the application of the Castigliano’s Theorem, 
and in consequence all the equations can be solved. 
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With all these values the configuration of the compliant mechanism is defined and all the internal forces in 





3. Numerical implementation and GUI 
 
In this chapter the steps and diagrams in order to get the final algorithm and the computer program are 
shown. 
The program used mainly was MATLAB, in this program was made the graphical user interface (GUI), all 
the logic of the algorithm and the process to solve the system of equations from the theory described above. 
For the development of the GUI the MATLAB version R2015a was used 
3.1. Flow chart of the synthesis algorithm 
 
The first step was to set the logic of the algorithm through flow charts: one for the main program and four 
more for subprograms representing the cases described before (2.3 Load case with the force at the top and 
2.4 Load case with the force at one side). 
 
The flow charts are important to understand the underlying logical design of the program. The first step is 
to choose the appropriated case between the compliant mechanism with the force applied on one side and 
the compliant mechanism with the force applied on top. 
Then, the input data for each case must be inserted and the program will read them to set them as the input 
data in the subprograms. Depending on the rigid-body mechanism, the first guess of the program is to run 
the subprogram where the longer side on the compliant mechanism matches with the longer side of the rigid- 
body system. 
The function used to solve the system of equations is called fsolve. This function of MATLAB can solve 
systems of non-linear equations: first, all the equations must be defined, in this case the set of equations 
used are the (63), (64), (65), (66), (67), (68), (69), (70), (71) and (72); then, the initial values must be given, 
these values are important because this method uses the Levenberg-Marquardt and trust-region methods 
which are very sensitive to these parameter; and for the last step the output parameters must be set. 
The function fsolve has five possible output arguments: x, which is the solution of the system of equations; 
fval is the objective function value at the solution; exitflag is a number that represents the reason because 
the function has stopped; the argument output gives information about the optimization process, for 
example, the number of iterations, final displacement of x, exit message, etc; the last possible output 
argument is the jacobian, which is a real matrix that contains the partial derivate of the system of equations. 
[10] 
In this work the output arguments used were x, fval and exitflag. The exitflag (output data) of this 
subprogram defines if the iterations were enough or if the subprogram did not get any good value. If the 
exitflag is greater than zero that means that the subprogram got some good values and the program ends 




3. Numerical implementation and GUI 
 
less than zero, in that case the program tries to get a solution through the another subprogram where the 
longer side of the compliant mechanism does not match with the longer side of the rigid-body system. 
If the exitflag is greater than zero the program shows the solution on the chart showed in the GUI, but if it 
is not, the program will show a message describing that there is not a possible solution to the synthesis. 
This logic is based on the meaning of the different values of output argument exitflag, which are shown 
below: 






1 Equation solved. First-order optimality is small. 
2 Equation solved. Change in x smaller than the specified tolerance. 
3 Equation solved. Change in residual smaller than the specified tolerance. 
4 Equation solved. Magnitude of search direction smaller than specified tolerance. 
 
0 
Number of iterations exceeded options.MaxIterations or number of function 
evaluations exceeded options.MaxFunctionEvaluations. 
-1 Output function or plot function stopped the algorithm. 
-2 Equation not solved. The exit message can have more information. 
 
-3 
Equation not solved. Trust region radius became too small (trust-region-dogleg 
algorithm) 
 








Figure 3.1 – Flow chart – Main program 











Figure 3.2 – Flow chart – Case 1: Right side longer than left side 










Figure 3.3 – Flow chart – Case 2: Left side longer than right side 









Figure 3.4 – Flow chart – Case 3: Right side longer than left side 











Figure 3.5 – Flow chart – Case 4: Left side longer than right side 





Each subprogram is different because it has different equations applied in the Castigliano’s Theorem for 
each section and also depending on the case of analysis. 
 
3.2. Graphical user interface 
 
To present the algorithm, a user interface was used in MATLAB. The graphical user interface (GUI) has 
the goal to upgrade the efficiency and allow the user to easily interact with the underlying logical design of 
the program. 
The main page is a presentation page where the user must decide with which mechanism is going to work. 
The user has two possibilities between a mechanism with the input force on the left side or the input force 
on the top of the mechanism, as is seen in the figure below: 
Figure 3.6 – Welcome page of the GUI in MATLAB 
 
Once the user has decided with which type of mechanism to work, the next page will require all the data 
from the rigid-body system, the material that will be used in the compliant mechanism, the load to which 
the compliant mechanism will be subjected and the thickness of the compliant hinges and the non-compliant. 








Figure 3.7 – GUI in MATLAB Case force at the top 
 
Figure 3.8 – GUI in MATLAB Case force at one side 
 
All the input data must be in the indicated units, in the window there are two reference drawings. The lines 
in blue represents the rigid-body mechanism, both sides of the mechanism (compliant and rigid-body) are 
parallel and the input force is represented in red. 
In the drawing of the flexure hinges are two views: on the top there is the flexure hinge seen as in the first 
drawing and the bottom drawing shows that both parts must have the same cross-sectional area (w1=w2) 
for manufacturing reasons. 





After all the data was entered, the “calculate” bottom will start all the algorithm and the underlying logical 
design of the program. 
This step may delay, so the process of iterations can be seen in the “Command Window” of the program 
MATLAB. 
Once the results are ready, these results will appear in a new window shown in the figure below 
 
Figure 3.9 – Results window GUI in MATLAB 
 
The drawing showed depends on the type of analysis performed, in the logic of the algorithm there are four 
cases possible: Force at the top with the right side longer than the left side, force at the top with the side left 
longer than the right side, Force at one side with the right side longer than the left side and force at one side 
with the side left longer than the right side. 
The output data 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑎𝑓 and 𝑐𝑓 are in mm because they are dimensions of the compliant 
mechanism, while the output data 𝛿1, 𝛿2, 𝛿3 and 𝛿4 has no units because they represents the portion of each 
flexure hinge where can be placed a common point of the input rigid-body mechanism. 
If the program gets to the maximum of iterations, a new window will appear showing the next message 
“Unfortunately, there are no possible values to the synthesis of this mechanism”. 













4. Design verification 
 
To verify the analytical design and the effectiveness of the developed program, some examples were 
considered to compare with another developed program that uses the non-linear theory [11]. 
The program that uses the non-linear theory comes from a research that is called: “numerical calculation 
approach based on non-linear theory for large deflections of curved rod-like structures.”. This developed 
software in MATLAB offers a non-linear numerical calculation to evaluate output parameters like straight- 
line deviation, coupler rotation, elastic strain distribution, its maximum value and the displacement for two 
different versions of the parallel four-bar linkage with curved coupler hinges or a curved coupler link [11]. 
 
For this approach, compliant parallel four-bar linkages with various notch shapes are investigated as curved 
rods and solved with the use of MATLAB, these two investigated compliant mechanisms are with curved 
hinges and with curved link as is seen in the figure below. In this research the model (b) was the one which 




Figure 4.1 – The two investigated compliant mechanisms in the non-linear research with: (a) curved hinges (leaf-type hinge 
contours), (b) curved link (6th-order polynomial hinge contours) [11] 
To compare both results, first an example of synthesis obtained with the algorithm presented in this work 
was selected. Once the results were obtained, these were considered as the input data in the research with 
the non-linear numerical calculation described before. 
The important values to compare between both calculations are the deltas of the flexure hinges (𝛿1, 𝛿2, 𝛿3, 
𝛿4), from the algorithm of the synthesis the values are already calculated, but to compare them with the 
research mentioned was necessary to get the value of the deltas of the flexure hinges through the angles of 
deflection. 
In the research based on the non-linear theory many parameters must be known, as is seen in the Figure 4.2. 
All the lengths of the configuration of the compliant mechanism, the force and the characteristics of the 
material will be given by the results of the synthesis algorithm. 
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Figure 4.2 – Compliant parallel mechanism with geometric parameters and the neutral axis s shown with corner-filleted flexure 
hinge contours [11] 
Below a chart of comparations between the two models described before is shown. The following examples 
follows the next symbology: 
 
Figure 4.3 – Symbology for the example 1 and 2 to compare 
 
 Rigid-body system (input in the algorithm of this work) 
Chart 4-1 – Input data of the rigid-body configuration in the synthesis algorithm 
 
 a [mm] d [mm] c [mm] 𝝓[ ° ] F [N] 
Example 1 100 60 80 90 2.8 
Example 2 50 60 40 90 5.8 
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Chart 4-2 – Input data of the material in the synthesis algorithm 
 
 E [MPa] YS [MPa] SF w1=w2 [mm] h1 [mm] h2 [mm] 
Example 1 210000 250 2 3 1 3 
Example 2 210000 250 2 3 1 3 
 
Results of the geometry of the compliant mechanism: 
 
 
Figure 4.4 – Configuration of the resulting compliant mechanism 
 
















Example 1 18.89 12.56 54.40 15.37 24.85 83.33 10.65 min. 
Example 2 8.90 5.91 27.38 7.20 9.90 42.18 8.58 min. 
 
 
Once the algorithm does the synthesis of the rigid-body system and the configuration of the compliant 
mechanism is defined, these measurements are added to the numerical calculation based on the non-linear 
theory to compare the position according to the delta values in each compliant hinge to get the values of the 
links of the rigid-body system. 
The values of the configuration of the compliant mechanism shown in the previous chart are not shown with 
all the decimals that the algorithm of this work gives. If these calculated compliant mechanisms were built 
and the user must have all the possible precision, the machine that is going to build it must also have a very 
high precision. 
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Chart 4-4 – Results and verification chart 
 
 




Inputs - Linear theory 100 63.246 80 60 
Nonlinear theory 100.02 63.196 79.928 60 




Inputs - Linear theory 50 60.828 40 60 
Nonlinear theory 50.003 60.817 39.948 60 





Example 1 Example 2 
 
Figure 4.5 – Results of the numerical calculation based on the non-linear theory [courtesy Stefan Henning] 
 
As is seen in the Chart 4-4, the difference between both analyses are small (less than 0.5% of difference). It 
is important to notice that these results are closed because the load applied is small enough to considered 
small deformations. 
In the case of the length “d” there is no difference because it was taken as an input in the nonlinear analysis. 
As is seen in the Figure 4.5, the points in colors represents the common points between the compliant 
mechanism and the solid rigid-body, the Chart 4-4 shows the distance between these points. 
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The Figure 4.5 shows the deformed shape of the compliant mechanism due to the force to which this 
mechanism will work. These deformed shape shows that each flexure hinge is working in the linear field, 





5. Conclusions and future work 
 
In this work a novel synthesis method of a four-bar rigid-body system into a compliant mechanism based 
on the linear theory and an algorithm implemented within a MATLAB-based is presented. 





The synthesis of a rigid-body system into a compliant mechanism is different for each type of mechanism. 
Therefore, this work was focused only in the four-bar link mechanism. In order to follow the linear theory, 
all the moments and internal forces were needed, therefore, the Castigliano’s Theorem was applied. 
To apply correctly the Castigliano’s Theorem the system must be divided into different sections depending 
on the place where the force is applied, in consequence, the study of a mechanism cannot be generalized for 
all the possible places where the force can be applied. 
It was important to identify the different sections to change the reference system and the change of the cross- 
sectional area in all the system, this change affects in the Castigliano’s Theorem. 
To find the external forces of the system with the Castigliano’s Theorem was used the numerical tool in 
MATLAB “solve”, which gave the exact results of the external forces in terms of 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝛿1, 𝛿2, 𝛿3, 
𝛿4, 𝑎𝑓 and 𝑐𝑓. To get the values of the configuration of the compliant mechanism was used the numerical 
tool “fsolve” in MATLAB which, unlike the aforementioned tool, uses the Levenberg-Marquardt and trust- 
region methods to solve the system of equations, they are based on the nonlinear least-squaresalgorithms. 
Because of the method that the numerical tool “fsolve” uses it is very sensitive to the initial values, therefore 
it was important to find reliable initial values for each problem. As the system of equations are polynomial, 
exists many results, the initial values are responsible for providing a reliable initial guess to not find 
unwanted values. The average time with one iteration of each case if the algorithm does not get a result is 
39 min. 
It is highly important to work in the linear field, that implies that the working force must produce only small 
displacements in each flexure hinge. 
The results have many decimals, if the calculated compliant mechanism must have a very high accuracy, 




5. Conclusions and future work 
 
5.2. Future work and improvements 
 
It is pending to show the displacement of the resulting compliant mechanism due to the applied force. 
 
Due to the long computational time required to get a solution, as is seen in the Chart 4-3, is important to 
improve the calculation of the initial values or to find another numerical tool to solve the nonlinear 
polynomial system of equations. 
 
Another possibility is to work with dimensionless data, in order to set reliable initial values for all the 
possible cases. 
 
It is possible to design more possibilities changing the force to another side and add an angle to the force 
for not to be just horizontal. This improvement can be done calculating the new system of equations for 
each section. 
 
For a future work in the analysis the different types of flexure hinges can be considered, as corner-filleted 
contour with different radius, elliptical contour and variable power function-based contour. 
 
For a future work in the analysis different types of flexure hinges can be considered, as corner-filleted 
contour with different radius, elliptical contour and variable power function-based contour, while non-linear 
theory can be used, too [12]. Furthermore, the use of individually shaped flexure hinges is also possible in 





A.1. Appendix A -Model of a compliant system as a rigid-body system 
All the process to model the compliant system into a rigid-body is based on the linear theory, below there 
is a short summary of the method. 
As is shown in the Figure 5.1, the objective is to know the position of the torsional spring and the torsional 




Figure 5.1 – Model of a compliant system as a rigid-body system [8] 
 
 For the compliant system: 
Chart 5-1 - Linear Theory for the compliant system [8] 
 
Moment Force Distributed force 









𝑣′′(𝐿) = 𝑀𝑜/𝐸𝐼𝑧 
𝑣′(𝐿) = 𝑀𝑜𝐿/𝐸𝐼𝑧 
𝑣(𝐿) = 𝑀𝑜𝐿2/2𝐸𝐼𝑧 
𝐹𝑜 
𝑣′′(𝐿) = (𝐿 − 𝑥) 
𝐸𝐼𝑧 
𝐹𝑜 𝑥2 
𝑣′(𝐿) =  (𝐿𝑥 − ) 
𝐸𝐼𝑧 2 
𝐹𝑜 𝐿𝑥2 𝑥3 
𝑣(𝐿) =  (  − ) 
𝐸𝐼𝑧 2 6 
𝑣′′(𝐿) = 
𝑞𝑜 
(𝐿 − 𝑥)2 
2𝐸𝐼𝑧 

















Chart 5-2 – Auxiliary moments [8]. 
 
Compliant system Rigid-body system 
𝑀    𝐻 = 𝑀 
10 𝑜 
𝑀20𝐻  = 𝐹𝑜𝐿 
1 
𝑀30𝐻  =   𝑞𝑜𝐿2 
2 
𝑀1𝐻 = 𝑀 
𝑀2𝐻 =𝐹𝐿 
1 




Generalizing the deflection showed in the Chart 5-1 with the help of the auxiliary moments is 
obtained a general expression for the deflection: 
 
𝑀𝑛0𝐻𝐿 




𝑣(𝐿) =    
(𝑛 + 1) 𝐸𝐼𝑧 
 
 For the rigid-body system: 
 
Chart 5-3 – Rigid-body system deflections [8]. 
 
Moment Force Distributed force 








𝜃 =    
𝑐𝑡 
𝐹𝛿𝑙 





Generalizing the deflection showed in the Chart 5-3 with the help of the auxiliary moments is 
obtained a general expression for the deflection: 
 
 
𝑣𝑦 = 𝛿𝑙𝜃 𝑀 𝐻𝛿𝑛−1 









𝑛 + 1 
𝐸 𝐼𝑧 𝑛𝑛 









A.2. Appendix B - Castigliano’s Equations 
 
 
 Force at the top, right side larger than left side 
 
𝑏4 𝑁(𝑥1) 𝜕𝑁(𝑥1) 𝑏4 𝑄𝑦(𝑥1). 𝜕𝑄𝑦(𝑥1) 
 
 
𝑏4 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 
 
0 = ∫ 
𝐸 . 𝐴 
. 𝜕𝑅 𝑑𝑥1 + ∫ 𝑄 . 𝜅 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫  𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
0 1 1 0 1      1 1 0 1 𝑧1 
 
𝑏4+𝑐𝑓 𝜕𝑁(𝑥1) 𝑏4+𝑐𝑓    𝑄𝑦(𝑥1) 𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓 𝑀𝑧(𝑥1) 𝜕𝑀𝑧(𝑥1) 
+ ∫
𝑁(𝑥1) 
𝐸 . 𝐴 
.  𝑑𝑥1 + ∫ 𝜕𝑅 
  .  
𝑄 . 𝜅 . 𝐴 
 





𝑏4 2 2 𝑏4 2      2 2 𝑏4 2 𝑧2 
+ ∫





𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓+𝑏3 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 
  𝐸 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥1 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
𝑏4+𝑐𝑓 1 1 
3 
+ ∫
𝑏4+𝑐𝑓+2𝑏𝑁3   (𝑥1) 𝜕𝑁. (𝑥1) 
 
𝑏4+𝑐𝑓 1      1 1 
3 
𝑑𝑥 + ∫  
𝑏4+𝑐𝑓+2𝑏3𝑄𝑦(𝑥1) 𝜕𝑄𝑦(.𝑥1) 
𝑏4+𝑐𝑓 1 𝑧1 
3 
𝑑𝑥 + ∫ 




𝐸2. 𝐴2 𝜕𝑅 1 𝑄2. 𝜅2. 𝐴2 𝜕𝑅 1 𝐸 . 𝐼 𝜕𝑅 1 
𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 2 𝑧2 
 
+ ∫
𝑑−𝐿 𝑁(𝑥2) . 𝜕𝑁(𝑥2) 
𝑑−𝐿    𝑄𝑦(𝑥2) .   𝜕𝑄𝑦(𝑥2) 
𝑑−𝐿 𝑀𝑧(𝑥2) . 𝜕𝑀𝑧(𝑥2) 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥2 + 
∫ 
𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥2 + 
∫ 
 𝐸  . 𝐼  𝜕𝑅 𝑑𝑥2 
0 2 2 0 2      2 2 0 2 𝑧2 
 
+ ∫
𝑑 𝑁(𝑥3) . 𝜕𝑁(𝑥3) 
 
  
𝑑 𝑄𝑦(𝑥3) . 𝜕𝑄𝑦(𝑥3) 
𝑑 𝑀𝑧(𝑥3) . 𝜕𝑀𝑧(𝑥3) 
 
 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥3 + ∫ 𝑄 . 𝜅 . 𝐴      𝜕𝑅 𝑑𝑥3 + ∫  𝐸  . 𝐼  𝜕𝑅 𝑑𝑥3 
𝑑−𝐿     2 2 𝑑−𝐿     2      2 2 𝑑−𝐿 2 𝑧2 
 
𝑏4+𝑐𝑓+3𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
+ ∫ 2 𝑁(𝑥4). 𝜕𝑁(𝑥4) 𝑑𝑥 +∫ 
𝑏4+𝑐𝑓+3𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
2 𝑄𝑦(𝑥4) 𝜕𝑄.  𝑦(𝑥4) 
 
𝑑𝑥 
0 𝐸2. 𝐴2 𝜕𝑅 0 
 3 
𝑄2. 𝜅2. 𝐴2 𝜕𝑅 4 
𝑏4+𝑐𝑓+2𝑏3 −(𝑏2+𝑎𝑓+𝑏1)  𝑀𝑧(𝑥4) 𝜕𝑀𝑧(𝑥4) + ∫ 






𝑏4+𝑐𝑓+2𝑏3−𝑎𝑓−𝑏1 𝑁(𝑥4) .𝜕𝑁(𝑥4) 𝑑𝑥 + ∫ 𝑏4+𝑐𝑓+2𝑏3 −𝑎𝑓−𝑏1 
  
𝑄𝑦(𝑥4) 𝜕.𝑄𝑦(𝑥4) 𝑑𝑥 
3 𝑏4+𝑐𝑓+ 𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
 
𝐸1. 𝐴1 4 3 𝑏4+𝑐𝑓+ 𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
 







 𝑀𝑧(𝑥4) 𝜕𝑀𝑧(𝑥4) 
. 𝑑𝑥 
𝐸1. 𝐼𝑧1 𝜕𝑅 4 
3 
+ ∫
𝑏4+𝑐𝑓+2𝑏3−𝑏1 𝑁(𝑥4). 𝜕𝑁(𝑥4) 𝑑𝑥 +∫ 
𝑏4+𝑐𝑓+2𝑏3 −𝑏1   𝑄𝑦(𝑥4) 𝜕𝑄.  𝑦(𝑥4) 𝑑𝑥 
3 𝑏4+𝑐𝑓+ 𝑏3−𝑎𝑓−𝑏1 
 
𝐸2. 𝐴2 𝜕𝑅 4 3 𝑏4+𝑐𝑓+ 𝑏3−𝑎𝑓−𝑏1 
 








 𝑀𝑧(𝑥4) 𝜕𝑀𝑧(𝑥4) 
. 𝑑𝑥 
𝐸2. 𝐼𝑧2 𝜕𝑅 4 




𝑏4+𝑐𝑓+2𝑏3 𝑁(𝑥4).𝜕𝑁(𝑥4) 𝑑𝑥 + ∫ 
𝑏4+𝑐𝑓+2𝑏3 𝑄𝑦(𝑥4) 𝜕𝑄. 𝑦(𝑥4) 𝑑𝑥 + ∫ 
𝑏4+𝑐𝑓+2𝑏3 𝑀𝑧(𝑥4) .𝜕𝑀𝑧(𝑥4) 𝑑𝑥 
3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
4 3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
4 3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
𝐸1. 𝐼𝑧1 𝜕𝑅 4 
2 2 2 
𝜕𝑅 
+ ∫ 
𝐸  . 𝐴 𝜕𝑅1
 1 






   4         4         ∫ 
𝜕𝑅 𝜕𝑅 1 𝑧1 
 
Where the partial derivative 𝜕𝑅 must be replaced for the following forces: 
 
 
1. 𝐹𝑎𝑦 → No deflection 
(73) 
 
2. 𝐹𝑎𝑥 → No deflection 
(74) 
 
3. 𝑀𝑎 → No rotation (75) 
 
 
 Force at the top, left side larger than right side 
𝑏4 𝑁(𝑥1) 
0 = ∫ 




𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑄𝑦(𝑥1) . 𝜕𝑄𝑦(𝑥1) 
𝑄 . 𝜅 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
0 1 1 0 1      1 1 0 1 𝑧1 
 
𝑏4+𝑐𝑓 𝜕𝑁(𝑥1) 𝑏4+𝑐𝑓    𝑄𝑦(𝑥1) 𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓 𝑀𝑧(𝑥1) 𝜕𝑀𝑧(𝑥1) 
+ ∫
𝑁(𝑥1) 
𝐸 . 𝐴 
.  𝑑𝑥1 + ∫ 𝜕𝑅 
  .  
𝑄 . 𝜅 . 𝐴 
 





𝑏4 2 2 𝑏4 2      2 2 𝑏4 2 𝑧2 
+ ∫





𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓+𝑏3 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 
  𝐸 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥1 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
𝑏4+𝑐𝑓 1 1 
3 
𝑏4+𝑐𝑓 1      1 1 
3 
𝑏4+𝑐𝑓 1 𝑧1 
3 
+ ∫
𝑏1+𝑎𝑓+2𝑏2𝑁(𝑥1) 𝜕𝑁. (𝑥1) 𝑑𝑥 + ∫ 
𝑏1+𝑎𝑓+2𝑏𝑄2  𝑦(𝑥1) 𝜕𝑄𝑦(.𝑥1) 𝑑𝑥 + ∫  
𝑏1+𝑎𝑓+2𝑏2𝑀     𝑧(𝑥1) 𝜕. 𝑀𝑧(𝑥1) 
 
𝑑𝑥 
𝐸2. 𝐴2 𝜕𝑅 1 𝑄2. 𝜅2. 𝐴2 𝜕𝑅 1 𝐸 . 𝐼 𝜕𝑅 1 
𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 2 𝑧2 
+ ∫
𝑑−𝐿 𝑁(𝑥2) . 𝜕𝑁(𝑥2) 
𝑑−𝐿    𝑄𝑦(𝑥2) .   𝜕𝑄𝑦(𝑥2) 
𝑑−𝐿 𝑀𝑧(𝑥2) . 𝜕𝑀𝑧(𝑥2) 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥2 + 
∫ 
𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥2 + 
∫ 
 𝐸  . 𝐼  𝜕𝑅 𝑑𝑥2 
0 2 2 0 2      2 2 0 2 𝑧2 
+ ∫
𝑑 𝑁(𝑥3) . 𝜕𝑁(𝑥3) 
 
  
𝑑 𝑄𝑦(𝑥3) . 𝜕𝑄𝑦(𝑥3) 
𝑑 𝑀𝑧(𝑥3) . 𝜕𝑀𝑧(𝑥3) 
 
 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥3 + ∫ 𝑄 . 𝜅 . 𝐴      𝜕𝑅 𝑑𝑥3 + ∫  𝐸  . 𝐼  𝜕𝑅 𝑑𝑥3 




𝑑−𝐿     2      2 2 
1𝑏  
 




+ ∫2 𝑁(𝑥4) . 𝜕𝑁(𝑥4) 
 
 
2 2 𝑄𝑦(𝑥4) . 𝜕𝑄𝑦(𝑥4) 2 𝑀𝑧(𝑥4) . 𝜕𝑀𝑧(𝑥4)  
 
𝐸 . 𝐴 𝜕𝑅 𝑑𝑥4 + ∫ 𝑄  .  𝜅 .𝐴      𝜕𝑅 𝑑𝑥4 + ∫  𝐸  . 𝐼  𝜕𝑅 𝑑𝑥4 














. 𝜕𝑁(𝑥4) 𝑑𝑥 + 




















2𝑏2+𝑎𝑓 𝑁(𝑥4) 𝜕𝑁(𝑥4) 2𝑏2+𝑎𝑓 𝑄𝑦(𝑥4) 
𝜕𝑄𝑦(𝑥4) 2𝑏2+𝑎𝑓 𝑀𝑧(𝑥4) 𝜕𝑀𝑧(𝑥4) 






𝐸2. 𝐴2 𝜕𝑅 3𝑏 
2 
3 
























. 4 3 
𝑏2+𝑎𝑓2 
 
𝑄1. 𝜅1. 𝐴1 
. 4 3 





Where the partial derivative 𝜕𝑅 must be replaced for the following forces: 
 
 
1. 𝐹𝑎𝑦 → No deflection 
(76) 
 
2. 𝐹𝑎𝑥 → No deflection (77) 
2 2 


















 Force at one side, right side larger than left side 
 
𝑏4 𝑁(𝑥1) 
0 = ∫ 
𝐸 . 𝐴 
. 
𝜕𝑁(𝑥1) 
𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑄𝑦(𝑥1) . 𝜕𝑄𝑦(𝑥1) 
𝑄 . 𝜅 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
0 1 1 0 1      1 1 0 1 𝑧1 
 
𝑏4+𝑐𝑓 𝜕𝑁(𝑥1) 𝑏4+𝑐𝑓    𝑄𝑦(𝑥1) 𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓 𝑀𝑧(𝑥1) 𝜕𝑀𝑧(𝑥1) 
+ ∫
𝑁(𝑥1) 
𝐸 . 𝐴 
.  𝑑𝑥1 + ∫ 𝜕𝑅 
  .  
𝑄 . 𝜅 . 𝐴 
 





𝑏4 2 2 𝑏4 2      2 2 𝑏4 2 𝑧2 
+ ∫





𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓+𝑏3 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 
  𝐸 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥1 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
𝑏4+𝑐𝑓 1 1 
3 
+ ∫
𝑏4+𝑐𝑓+2𝑏𝑁3   (𝑥1) 𝜕𝑁. (𝑥1) 
𝑏4+𝑐𝑓 1      1 1 
3 
𝑑𝑥 + ∫  
𝑏4+𝑐𝑓+2𝑏3𝑄𝑦(𝑥1) 𝜕𝑄𝑦(.𝑥1) 
𝑏4+𝑐𝑓 1 𝑧1 
3 
𝑑𝑥 + ∫ 





𝐸2. 𝐴2 𝜕𝑅 1  𝑏4+𝑐𝑓+𝑏3 𝑄2. 𝜅2. 𝐴2 𝜕𝑅 




𝑏𝑓 𝑁(𝑥2).  𝜕𝑁(𝑥2) 
𝑏𝑓     𝑄𝑦(𝑥2) .    𝜕𝑄𝑦(𝑥2) 
𝑏𝑓 𝑀𝑧(𝑥2) . 𝜕𝑀𝑧(𝑥2) 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥2 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥2 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥2 
0 2 2 0 2      2 2 0 2 𝑧2 
 
𝑏4+𝑐𝑓+3𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
+ ∫ 2 𝑁(𝑥3). 𝜕𝑁(𝑥3) 𝑑𝑥 +∫ 
𝑏4+𝑐𝑓+3𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
 
2 𝑄𝑦(𝑥3) 𝜕𝑄.  𝑦(𝑥3) 
 
𝑑𝑥 
0 𝐸2. 𝐴2 𝜕𝑅 0 
 3 
𝑄2. 𝜅2. 𝐴2 𝜕𝑅 3 
𝑏4+𝑐𝑓+2𝑏3 −(𝑏2+𝑎𝑓+𝑏1)  𝑀𝑧(𝑥3) 𝜕𝑀𝑧(𝑥3) + ∫ 






𝑏4+𝑐𝑓+2𝑏3−𝑎𝑓−𝑏1  𝑁(𝑥3). 𝜕𝑁    (𝑥3) 𝑑𝑥 + ∫  𝑏4+𝑐𝑓+2𝑏3 −𝑎𝑓−𝑏1 𝑄𝑦(𝑥3) 𝜕.𝑄𝑦(𝑥3) 𝑑𝑥 
3 𝑏4+𝑐𝑓+ 𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
 
𝐸1. 𝐴1 3 3 𝑏4+𝑐𝑓+ 𝑏3−(𝑏2+𝑎𝑓+𝑏1) 
 
𝑄1. 𝜅1. 𝐴1 𝜕𝑅 3 
2 2 
 3 𝑏4+𝑐𝑓+2𝑏3 −𝑎𝑓−𝑏1 𝑀𝑧(𝑥3) 𝜕𝑀𝑧(𝑥3) 
+ ∫   .  𝑑𝑥 
 
 
3  𝐿  
3 
𝑏4+𝑐𝑓+ 𝑏3−(𝑏2+𝑎𝑓+𝑏1) 𝐸1. 𝐼𝑧1 
3 
𝜕𝑅 3 
   𝐿  
+ ∫
𝑏4+𝑐𝑓+2𝑏3−𝑠𝑖𝑛ϕ 𝑁(𝑥3) 𝜕.𝑁(𝑥3)    𝑑𝑥 + ∫ 
𝑏4+𝑐𝑓+2𝑏3 − 𝑠𝑖𝑛ϕ     𝑄𝑦(𝑥3)    . 𝜕𝑄𝑦(𝑥3)  𝑑𝑥 
 
3 𝑏4+𝑐𝑓+ 𝑏3−𝑎𝑓−𝑏1 
 
𝐸2. 𝐴2 𝜕𝑅 3 3 𝑏4+𝑐𝑓+ 𝑏3−𝑎𝑓−𝑏1 
 
𝑄2. 𝜅2. 𝐴2 𝜕𝑅 3 
2 2 
𝑏4+𝑐𝑓+3𝑏3 −    𝐿  
2 𝑠𝑖𝑛ϕ 𝑀𝑧(𝑥3) 𝜕𝑀𝑧(𝑥3) 
+ ∫ . 𝑑𝑥 
3 
𝑏4+𝑐𝑓+ 𝑏3−𝑎𝑓−𝑏1 
𝐸2. 𝐼𝑧2 𝜕𝑅 3 
 
𝑏4+𝑐𝑓+3𝑏3−𝑏1 
+ ∫ 2 𝑁(𝑥4). 𝜕𝑁(𝑥4) 𝑑𝑥 + ∫ 
𝑏4+𝑐𝑓+3𝑏3−𝑏1 
2 𝑄𝑦(𝑥4) 𝜕𝑄.  𝑦(𝑥4) 
 
𝑑𝑥 
3  𝐿 𝐸 . 𝐴 
 
 
𝜕𝑅 4  3    𝐿 𝑄2. 𝜅2. 𝐴2 𝜕𝑅 4 
𝑏4+𝑐𝑓+  𝑏3− 𝑠𝑖𝑛ϕ 













3  3 
+ ∫
𝑏4+𝑐𝑓+2𝑏3 𝑁(𝑥4).𝜕𝑁(𝑥4) 𝑑𝑥 + ∫ 𝑏4+𝑐𝑓+2𝑏3 𝑄𝑦(𝑥4) 𝜕𝑄. 𝑦(𝑥4) 𝑑𝑥 + ∫ 
𝑏4+𝑐𝑓+2𝑏3 𝑀𝑧(𝑥4) .𝜕𝑀𝑧(𝑥4) 𝑑𝑥 
3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
4 3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
4 3 𝑏4+𝑐𝑓+ 𝑏3−𝑏1 
 
𝐸1. 𝐼𝑧1 𝜕𝑅 4 
2 2 2 
𝜕𝑅 
𝐸  . 𝐴 𝜕𝑅1
 1 









   3         3         ∫ 
 
 
Where the partial derivative 𝜕𝑅 must be replaced for the following forces: 
 
 
1. 𝐹𝑎𝑦 → No deflection 
(79) 
 
2. 𝐹𝑎𝑥 → No deflection 
(80) 
 
3. 𝑀𝑎 → No rotation (81) 
 
 
 Force at one side, left side larger than right side 
 
𝑏4 𝑁(𝑥1) 
0 = ∫ 
𝐸 . 𝐴 
. 
𝜕𝑁(𝑥1) 
𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑄𝑦(𝑥1) . 𝜕𝑄𝑦(𝑥1) 
𝑄 . 𝜅 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 
𝑏4 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
0 1 1 0 1      1 1 0 1 𝑧1 
 
𝑏4+𝑐𝑓 𝜕𝑁(𝑥1) 𝑏4+𝑐𝑓    𝑄𝑦(𝑥1) 𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓 𝑀𝑧(𝑥1) 𝜕𝑀𝑧(𝑥1) 
+ ∫
𝑁(𝑥1) 
𝐸 . 𝐴 
.  𝑑𝑥1 + ∫ 𝜕𝑅 
  .  
𝑄 . 𝜅 . 𝐴 
 





𝑏4 2 2 𝑏4 2      2 2 𝑏4 2 𝑧2 
+ ∫





𝜕𝑄𝑦(𝑥1) 𝑏4+𝑐𝑓+𝑏3 𝑀𝑧(𝑥1) . 𝜕𝑀𝑧(𝑥1) 
 
  𝐸 . 𝐴 𝜕𝑅 𝑑𝑥1 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥1 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥1 
𝑏4+𝑐𝑓 1 1 
3 
𝑏4+𝑐𝑓 1      1 1 
3 
𝑏4+𝑐𝑓 1 𝑧1 
3 
+ ∫
𝑏1+𝑎𝑓+2𝑏2𝑁(𝑥1) 𝜕𝑁. (𝑥1) 𝑑𝑥 + ∫ 
𝑏1+𝑎𝑓+2𝑏𝑄2  𝑦(𝑥1) 𝜕𝑄𝑦(.𝑥1) 𝑑𝑥 + ∫  
𝑏1+𝑎𝑓+2𝑏2𝑀     𝑧(𝑥1) 𝜕. 𝑀𝑧(𝑥1) 𝑑𝑥 
𝐸2. 𝐴2 𝜕𝑅 1 𝑄2. 𝜅2. 𝐴2 𝜕𝑅 1 𝐸 . 𝐼 𝜕𝑅 1 
𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 𝑏4+𝑐𝑓+𝑏3 2 𝑧2 
 
+ ∫
𝑏𝑓 𝑁(𝑥2).  𝜕𝑁(𝑥2) 
𝑏𝑓     𝑄𝑦(𝑥2) .    𝜕𝑄𝑦(𝑥2) 
𝑏𝑓 𝑀𝑧(𝑥2) . 𝜕𝑀𝑧(𝑥2) 𝐸 . 𝐴 𝜕𝑅 𝑑𝑥2 + ∫ 𝑄  . 𝜅 . 𝐴  𝜕𝑅 𝑑𝑥2 + ∫ 𝐸 . 𝐼  𝜕𝑅 𝑑𝑥2 









𝜕𝑄𝑦(𝑥3) 1 𝑏2 𝑀𝑧(𝑥3) 
 
 
+ ∫2  . 𝜕 𝑁(𝑥3) 𝑑𝑥 + ∫ 𝑄𝑦(𝑥3) .  
 
2 . 𝜕𝑀𝑧(𝑥3) 
𝑑𝑥
 
𝐸 . 𝐴 




𝜕𝑅 3 𝑄 . 𝜅 .𝐴 
0 2      2 2 
3𝑏  
 










. 𝜕𝑁(𝑥3) 𝑑𝑥 + 











   𝐿  
1 
2𝑏2 
𝑄1. 𝜅1.𝐴1 𝜕𝑅 
3  𝐿  
1 
2𝑏2 
𝐸1. 𝐼𝑧1 𝜕𝑅 
+ ∫
𝑏1+𝑎𝑓+2𝑏2−𝑠𝑖𝑛𝜙 𝑁(𝑥3)  𝜕. 𝑁(𝑥3) 𝑑𝑥 + ∫ 
𝑏1+𝑎𝑓+2𝑏2− 𝑠𝑖𝑛𝜙 𝑄𝑦(𝑥3) 𝜕𝑄𝑦. (𝑥3) 𝑑𝑥 
3
𝑏 𝐸2. 𝐴2 
2 
𝜕𝑅 3  3 
2 
3 𝐿 
𝑄2. 𝜅2. 𝐴2 𝜕𝑅 3 
+ ∫
𝑏1+𝑎𝑓+2𝑏2−  𝑠𝑖𝑛𝜙 𝑀𝑧(𝑥3)  𝜕. 𝑀𝑧(𝑥3) 𝑑𝑥 
3𝑏 
2 














𝑄𝑦(𝑥4) . 𝜕𝑄𝑦(𝑥4) 





𝜕𝑅 𝑑𝑥4 + ∫ 3  𝐿 𝑄2. 𝜅2. 𝐴2 
 
 
     𝜕𝑅 𝑑𝑥4 
𝑏1+𝑎𝑓+  𝑏2 − 𝑏1+𝑎𝑓+ 𝑏2− 



















3 𝑏2 +𝑎𝑓+𝑏1 
 
 
𝜕𝑁(𝑥4) 3 𝑏2+𝑎𝑓+𝑏1 
 
 
𝑄 (𝑥 ) 𝜕𝑄𝑦(𝑥4) 3 𝑏2+𝑎𝑓+𝑏1 𝑀𝑧(𝑥4) 
 
 
+ ∫2 𝑁(𝑥4) . 𝑑𝑥4 + ∫
2 𝑦 4 . 𝑑𝑥4 + ∫2 . 𝜕𝑀𝑧(𝑥4) 𝑑𝑥4 3 𝐸1. 𝐴1 𝜕𝑅 3 
 
  
𝑄1. 𝜅1. 𝐴1 𝜕𝑅 3 
 
 
𝐸 . 𝐼 𝜕𝑅 
𝑏2+𝑎𝑓2 𝑏2+𝑎𝑓2 𝑏2+𝑎𝑓 2 1 𝑧1 
 
Where the partial derivative 𝜕𝑅 must be replaced for the following forces: 
 
 
1. 𝐹𝑎𝑦 → No deflection 
(82) 
 
2. 𝐹𝑎𝑥 → No deflection 
(83) 
 





function [xfinal,errfinal,exitflag,typeCase] = 
TopALeft(a,d,c,w1,h1,h2,Fin,L,h,phi,E,YS,SF) 
A1=w1*h1; 
Iz1 = (w1*h1^3)/12; 
syms Fax Fay Md Ma x1 x2 x3 x4 x5 Fdy b1 b2 b3 b4 af cf d1 d2 d3 d4 
N2 = -Fax-Fin; 
Q2 = -Fay; 
M2 =Fax*((b1+af+(3/2)*b2)*sin(phi))-Fay*((b1+af+(3/2)*b2)*cos(phi)+d-x2)+Ma+Mf; 
N4 = -Fax*cos(phi)-Fay*sin(phi); 
Q4 = Fax*sin(phi)-Fay*cos(phi); 
M4 = Fax*(((b1+af+(3/2)*b2)-x4)*sin(phi))-Fay*cos(phi)*((b1+af+(3/2)*b2)-x4)+Ma; 
 




Section 1 compliant joints: 
Section 2: 
 
Definition of symbolic variables: 
Formulas of the internal reactions for section 1 
 
Formulas of the internal reactions for section 2 
Formulas of the internal reactions for section 3 
 
Formulas of the internal reactions for section 4 
Individual integrals of Menabrea for Fay: 
 
I11 = int(N1/(E*A1)*diff(N1,Fay),x1,0,b4); 
I12 = int(M1/(E*Iz1)*diff(M1,Fay),x1,0,b4); 
I13 = int(N1/(E*A2)*diff(N1,Fay),x1,b4,b4+cf); 
I14 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4,b4+cf); 
I15 = int(N1/(E*A1)*diff(N1,Fay),x1,b4+cf,b4+cf+b3); 
I16 = int(M1/(E*Iz1)*diff(M1,Fay),x1,b4+cf,b4+cf+b3); 
N3 = -Fax; 
Q3 = -Fay; 
M3 =Fax*((b1+af+(3/2)*b2)*sin(phi))-Fay*((b1+af+(3/2)*b2)*cos(phi)+d-x3)+Ma; 
N1 = Fax*cos(phi)+Fay*sin(phi)+Fin*cos(phi); 
Q1 = -Fax*sin(phi)+Fay*cos(phi)-Fin*sin(phi); 
M1 = Fax*((x1-b4+b4*d4+d1*b1)*sin(phi))-Fay*((x1-b4+b4*d4+d1*b1)*cos(phi)+d)+Ma+Mf- 
Fin*(((b1+af+(3/2)*b2-d1*b1+b4-d4*b4-x1)*sin(phi))); 
A2 = w2*h2; 








i11 = int(N1/(E*A1)*diff(N1,Fax),x1,0,b4); 
i12 = int(M1/(E*Iz1)*diff(M1,Fax),x1,0,b4); 
i13 = int(N1/(E*A2)*diff(N1,Fax),x1,b4,b4+cf); 
i14 = int(M1/(E*Iz2)*diff(M1,Fax),x1,b4,b4+cf); 
i15 = int(N1/(E*A1)*diff(N1,Fax),x1,b4+cf,b4+cf+b3); 
i16 = int(M1/(E*Iz1)*diff(M1,Fax),x1,b4+cf,b4+cf+b3); 
i17 = int(N1/(E*A2)*diff(N1,Fax),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
i18 = int(M1/(E*Iz2)*diff(M1,Fax),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
 
i21 = int(N2/(E*A2)*diff(N2,Fax),x2,0,d-L); 
i22 = int(M2/(E*Iz2)*diff(M2,Fax),x2,0,d-L); 
 
i31 = int(N3/(E*A2)*diff(N3,Fax),x3,d-L,d); 
i32 = int(M3/(E*Iz2)*diff(M3,Fax),x3,d-L,d); 
 
i41 = int(N4/(E*A2)*diff(N4,Fax),x4,0,b2/2); 
i42 = int(M4/(E*Iz2)*diff(M4,Fax),x4,0,b2/2); 
i43 = int(N4/(E*A1)*diff(N4,Fax),x4,b2/2,(3/2)*b2); 
i44 = int(M4/(E*Iz1)*diff(M4,Fax),x4,b2/2,(3/2)*b2); 
i45 = int(N4/(E*A2)*diff(N4,Fax),x4,(3/2)*b2,af+(3/2)*b2); 
i46 = int(M4/(E*Iz2)*diff(M4,Fax),x4,(3/2)*b2,af+(3/2)*b2); 
i47 = int(N4/(E*A1)*diff(N4,Fax),x4,af+(3/2)*b2,b1+af+(3/2)*b2); 







Individual integrals of Castigliano for Fax with no displacement: 
Individual integrals of Castigliano for Ma with no displacement angular: 
 
ii11 = int(N1/(E*A1)*diff(N1,Ma),x1,0,b4); 
ii12 = int(M1/(E*Iz1)*diff(M1,Ma),x1,0,b4); 
ii13 = int(N1/(E*A2)*diff(N1,Ma),x1,b4,b4+cf); 
ii14 = int(M1/(E*Iz2)*diff(M1,Ma),x1,b4,b4+cf); 
ii15 = int(N1/(E*A1)*diff(N1,Ma),x1,b4+cf,b4+cf+b3); 
ii16 = int(M1/(E*Iz1)*diff(M1,Ma),x1,b4+cf,b4+cf+b3); 
ii17 = int(N1/(E*A2)*diff(N1,Ma),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
ii18 = int(M1/(E*Iz2)*diff(M1,Ma),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
 
ii21 = int(N2/(E*A2)*diff(N2,Ma),x2,0,d-L); 
ii22 = int(M2/(E*Iz2)*diff(M2,Ma),x2,0,d-L); 
I17 = int(N1/(E*A2)*diff(N1,Fay),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
I18 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4+cf+b3,b1-d1*b1+b4-b4*d4+af+((3/2)*b2)); 
 
I21 = int(N2/(E*A2)*diff(N2,Fay),x2,0,d-L); 
I22 = int(M2/(E*Iz2)*diff(M2,Fay),x2,0,d-L); 
 
I31 = int(N3/(E*A2)*diff(N3,Fay),x3,d-L,d); 
I32 = int(M3/(E*Iz2)*diff(M3,Fay),x3,d-L,d); 
 
I41 = int(N4/(E*A2)*diff(N4,Fay),x4,0,b2/2); 
I42 = int(M4/(E*Iz2)*diff(M4,Fay),x4,0,b2/2); 
I43 = int(N4/(E*A1)*diff(N4,Fay),x4,b2/2,(3/2)*b2); 
I44 = int(M4/(E*Iz1)*diff(M4,Fay),x4,b2/2,(3/2)*b2); 
I45 = int(N4/(E*A2)*diff(N4,Fay),x4,(3/2)*b2,af+(3/2)*b2); 
I46 = int(M4/(E*Iz2)*diff(M4,Fay),x4,(3/2)*b2,af+(3/2)*b2); 
I47 = int(N4/(E*A1)*diff(N4,Fay),x4,af+(3/2)*b2,b1+af+(3/2)*b2); 




























Solution for Fay and Fax with the input force Fin: 
Search for the maximun moment 
 
Cutting forces 
















ii31 = int(N3/(E*A2)*diff(N3,Ma),x3,d-L,d); 
ii32 = int(M3/(E*Iz2)*diff(M3,Ma),x3,d-L,d); 
 
ii41 = int(N4/(E*A2)*diff(N4,Ma),x4,0,b2/2); 
ii42 = int(M4/(E*Iz2)*diff(M4,Ma),x4,0,b2/2); 
ii43 = int(N4/(E*A1)*diff(N4,Ma),x4,b2/2,(3/2)*b2); 
ii44 = int(M4/(E*Iz1)*diff(M4,Ma),x4,b2/2,(3/2)*b2); 
ii45 = int(N4/(E*A2)*diff(N4,Ma),x4,(3/2)*b2,af+(3/2)*b2); 
ii46 = int(M4/(E*Iz2)*diff(M4,Ma),x4,(3/2)*b2,af+(3/2)*b2); 
ii47 = int(N4/(E*A1)*diff(N4,Ma),x4,af+(3/2)*b2,b1+af+(3/2)*b2); 






































Iz1 = (w1*h1^3)/12; 
A2 = w2*h2; 
Iz2 = (w2*h2^3)/12; 
syms Fax Fay Md Ma x1 x2 x3 x4 x5 Fdy b1 b2 b3 b4 af cf d1 d2 d3 d4 
N1 = Fax*cos(phi)+Fay*sin(phi)+Fin*cos(phi); 
Q1 = -Fax*sin(phi)+Fay*cos(phi)-Fin*sin(phi); 
M1 = Fax*((x1-b4+b4*d4+d1*b1)*sin(phi))-Fay*((x1-b4+b4*d4+d1*b1)*cos(phi)+d)+Ma+Mf- 
Fin*(((b4+cf+(3/2)*b3-x1)*sin(phi))); %%cambiado 
N2 = -Fax-Fin; 
Q2 = -Fay; 
M2 =Fax*((c+d1*b1+d3*b3+(1/2)*b3)*sin(phi))-Fay*((c+d1*b1+d3*b3+(1/2)*b3)*cos(phi)+d- 
x2)+Ma+Mf; 
N3 = -Fax; 
Q3 = -Fay; 
M3 =Fax*((c+d1*b1+d3*b3+(1/2)*b3)*sin(phi))-Fay*((c+d1*b1+d3*b3+(1/2)*b3)*cos(phi)+d- 
x3)+Ma; 
N4 = -Fax*cos(phi)-Fay*sin(phi); 
Q4 = Fax*sin(phi)-Fay*cos(phi); 
M4 = Fax*((c+d1*b1+d3*b3+(1/2)*b3-x4)*sin(phi))-Fay*((c+d1*b1+d3*b3+(1/2)*b3- 
x4)*cos(phi))+Ma; 
 
A.4. Subprogram – Case with force on the top and the rigth side is longer 
Input parameters: 
 




Definition of symbolic variables: 
 
Formulas of the internal reactions for section 1 
 
Formulas of the internal reactions for section 2 
 
Formulas of the internal reactions for section 3 
 
Formulas of the internal reactions for section 4 
 





i11 = int(N1/(E*A1)*diff(N1,Fay),x1,0,b4); 
i12 = int(M1/(E*Iz1)*diff(M1,Fay),x1,0,b4); 
i13 = int(N1/(E*A2)*diff(N1,Fay),x1,b4,b4+cf); 
i14 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4,b4+cf); 
i15 = int(N1/(E*A1)*diff(N1,Fay),x1,b4+cf,b4+cf+b3); 
i16 = int(M1/(E*Iz1)*diff(M1,Fay),x1,b4+cf,b4+cf+b3); 
i17 = int(N1/(E*A2)*diff(N1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
i18 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
 
i21 = int(N2/(E*A2)*diff(N2,Fay),x2,0,d-L); 
i22 = int(M2/(E*Iz2)*diff(M2,Fay),x2,0,d-L); 
 
i31 = int(N3/(E*A2)*diff(N3,Fay),x3,d-L,d); 
i32 = int(M3/(E*Iz2)*diff(M3,Fay),x3,d-L,d); 
 
i41 = int(N4/(E*A2)*diff(N4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
i42 = int(M4/(E*Iz2)*diff(M4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
i43 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
i44 = int(M4/(E*Iz1)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
i45 = int(N4/(E*A2)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
i46 = int(M4/(E*Iz2)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
i47 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b1,c+d3*b3+(1/2)*b3+d1*b1); 
i48 = int(M4/(E*Iz1)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b1,c+d3*b3+(1/2)*b3+d1*b1); 
 
 
I11 = int(N1/(E*A1)*diff(N1,Fay),x1,0,b4); 
I12 = int(M1/(E*Iz1)*diff(M1,Fay),x1,0,b4); 
I13 = int(N1/(E*A2)*diff(N1,Fay),x1,b4,b4+cf); 
I14 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4,b4+cf); 
I15 = int(N1/(E*A1)*diff(N1,Fay),x1,b4+cf,b4+cf+b3); 
I16 = int(M1/(E*Iz1)*diff(M1,Fay),x1,b4+cf,b4+cf+b3); 
I17 = int(N1/(E*A2)*diff(N1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
I18 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
 
I21 = int(N2/(E*A2)*diff(N2,Fay),x2,0,d-L); 
I22 = int(M2/(E*Iz2)*diff(M2,Fay),x2,0,d-L); 
 
I31 = int(N3/(E*A2)*diff(N3,Fay),x3,d-L,d); 
I32 = int(M3/(E*Iz2)*diff(M3,Fay),x3,d-L,d); 
 
I41 = int(N4/(E*A2)*diff(N4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
I42 = int(M4/(E*Iz2)*diff(M4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
I43 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
I44 = int(M4/(E*Iz1)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
I45 = int(N4/(E*A2)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
I46 = int(M4/(E*Iz2)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
I47 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b1,c+d3*b3+(1/2)*b3+d1*b1); 

























Individual integrals of Castigliano for Ma with no displacement angular: 
 
ii11 = int(N1/(E*A1)*diff(N1,Fay),x1,0,b4); 
ii12 = int(M1/(E*Iz1)*diff(M1,Fay),x1,0,b4); 
ii13 = int(N1/(E*A2)*diff(N1,Fay),x1,b4,b4+cf); 
ii14 =  int(M1/(E*Iz2)*diff(M1,Fay),x1,b4,b4+cf); 
ii15 = int(N1/(E*A1)*diff(N1,Fay),x1,b4+cf,b4+cf+b3); 
ii16 = int(M1/(E*Iz1)*diff(M1,Fay),x1,b4+cf,b4+cf+b3); 
ii17 = int(N1/(E*A2)*diff(N1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
ii18 = int(M1/(E*Iz2)*diff(M1,Fay),x1,b4+cf+b3,b4+cf+(3/2)*b3); 
 
ii21 = int(N2/(E*A2)*diff(N2,Fay),x2,0,d-L); 
ii22 = int(M2/(E*Iz2)*diff(M2,Fay),x2,0,d-L); 
 
ii31 = int(N3/(E*A2)*diff(N3,Fay),x3,d-L,d); 
ii32 = int(M3/(E*Iz2)*diff(M3,Fay),x3,d-L,d); 
 
ii41 = int(N4/(E*A2)*diff(N4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
ii42 = int(M4/(E*Iz2)*diff(M4,Fay),x4,0,c+d3*b3+(1/2)*b3+d1*b1-b2-af-b1); 
ii43 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
ii44 = int(M4/(E*Iz1)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b2-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-af-b1); 
ii45 = int(N4/(E*A2)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
ii46 = int(M4/(E*Iz2)*diff(M4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-af- 
b1,c+d3*b3+(1/2)*b3+d1*b1-b1); 
ii47 = int(N4/(E*A1)*diff(N4,Fay),x4,c+d3*b3+(1/2)*b3+d1*b1-b1,c+d3*b3+(1/2)*b3+d1*b1); 







Solution for Fay and Fax with the input force Fin: 
 


































































[1] L. HOWELL, S. MAGLEBY and B. OLSEN, Handbook of Compliant Mechanisms, United 
Kingdom: WILEY, 2013. 
[2] L. HOWELL, Compliant Mechanisms, New York: John Wiley & Sons, 2011. 
[3] CARTEMERE, "Horst-Link," 1996. [Online]. Available: https://de.wikipedia.org/wiki/Horst-Link. 
[Accessed 2019]. 
[4] TEAM ME MECHANICAL, "ME MECHANICAL," 10 June 2017. [Online]. Available: https://me- 
mechanicalengineering.com/grashofs-law/. [Accessed 2019]. 
[5] L. CAO, A. DOLOVICH, J. HERDER and W. ZHANG, "Toward a Unified Design Approach for 
Both Compliant Mechanisms and Rigid-Body Mechanisms: Module Optimization," Journal of 
Mechanical Design, 2015. 
[6] S. LINβ, Ein Beitrag zur geometrischen Gestaltung und Optimierung prismatischer Festkörpergelenke 
in nachgiebigen Koppelmechanismen, Ilmenau: Universitätsverlag Ilmenau, 2015. 
[7] L. SAGGERE and S. KOTA, "Synthesis of Planar, Compliant Four-Bar Mechanisms for Compliant- 
Segment Motion Generation," Journal of Mechanical Design, 2001. 
[8] L. ZETNER, Nachgiebige Mechanismen, Munich: De Gruyter Oldenbourg, 2014. 
[9] THE NATIONAL PROGRAMME ON TECHNOLOGY ENHANCED LEARNING, "Module 1. 
Energy Methods in Structural Analysis," 2018. [Online]. Available: 
https://nptel.ac.in/courses/Webcourse- 
contents/IIT%20Kharagpur/Structural%20Analysis/pdf/m1l3.pdf. [Accessed 2019]. 
[10] MATHWORKS, "fsolve," 2018. [Online]. Available: 
https://www.mathworks.com/help/optim/ug/fsolve.html. 
[11] S. HENNING, S. Linβ and L. ZETNER, "Numerical Calculation of Compliant Four-bar Mechanisms 
with Flexure Hinges," 4th INTERNATIONAL CONFERENCE MECHANICAL ENGINEERING IN 







[12] S. LINß, P. SCHORR and L. ZENTNER, "General design equations for the rotational stiffness, 
maximal angular deflection and rotational precision of various notch flexure hinges," Mechanical 
Sciences, 2017. 
[13] S. LINß, A. MILOJEVIC, N. PAVLOVIC and L. ZENTNER, "Synthesis of Compliant Mechanisms 
based on Goal-Oriented Design Guidelines for Prismatic Flexure Hinges with Polynomial Contours," 
in Proceedings of the 14th World Congress in Mechanism and Machine Science, Taipei, Taiwan, 
2015. 
[14] J. RODRIGUEZ, Resistencia de materiales 2, Lima: Editorial PUCP, 2009. 
[15] C. MATTSON, L. HOWELL and S. MAGLEBY, "Development of commercially viable compliant 
mechanisms using the pseudo-rigid-body model: case studies of parallel mechanisms," in 2001 ASME 
International Mechanical Engineering Congress and Exposition, New York, 2001. 
[16] B. DESHMUKH, S. PARDESHI, R. MISTRY, S. KANDHARKAR and S. WAGH, "Development 
of a Four bar Compliant Mechanism using Pseudo Rigid Body Model (PRBM)," in 3rd International 
Conference on Materials Processing and Characterisation (ICMPC 2014), India, 2014. 
[17] L. Z. BJORKMAN, "Numerical Optimization using the Levenberg-Marquardt Algorithm," 2016. 
[Online]. Available: https://mads.lanl.gov/presentations/Leif_LM_presentation_m.pdf. [Accessed 
2019]. 
[18] S. Henning, S. Linẞ and L. Zentner, "detasFLEX – A computational design tool for the analysis of 
various notch flexure hinges based on non-linear modeling," Mechanical Sciences, 2018. 
 
